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Abstract 

The Brjuno function arises naturally in the study of one-dimensional analytic 
small divisors problems. It belongs to BMO(T^) and it is stable under Holder 
perturbations. It is related to the size of Siegel disks by various rigorous and 
conjectural results. 

In this work we show how to extend the Brjuno function to a holomorphic 
function on H/Z, the complex Brjuno function. This has an explicit expression 
in terms of a series of transformed dilogarithms under the action of the modular 
group. 

The extension is obtained using a complex analogue of the continued fraction 
expansion of a real number. Since our method is based on the use of hyperfunctions 
it applies to less regular functions than the Brjuno function and it is quite general. 

We prove that the harmonic conjugate of the Brjuno function is bounded. Its 
trace on M/Z is continuous at all irrational points and has a jump of tt/q at each 
rational point p/g e Q. 

1. Introduction 

1.1 The real Brjuno function 

Let Q! G M \ Q and let {j>n/ <ln)n>o be the sequence of the convergents of its 
continued fraction expansion. A Brjuno number is an irrational number a such 

that E:r=o ^ < +00. 

The importance of Brjuno numbers comes from the study of one-dimensional 
analytic small divisors problems. In the case of germs of holomorphic diffeo- 
morphisms of one complex variable with an indifferent fixed point, extending a 
previous result of Siegel [Si], Brjuno proved [Br] that all germs with linear part 
A = e^'^*" are linearizable if a is a Brjuno number. Conversely the third author 
proved that this condition is also necessary [Yol]. Similar results hold for the 
local conjugacy of analytic diffeomorphisms of the circle [KH, Yo2, Yo3] and for 
some area-preserving maps [Ma,Dal], including the standard family [Da2, BGl, 
BG2]. The set of Brjuno numbers is invariant under the action of the modular 
group PGL (2, Z) and it can be characterized as the set where the Brjuno function 
B : M \ Q ^ M U {+00} is finite. 
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This arithmetical function is Z-periodic and satisfies the remarkable func- 
tional equation 

B{a) = -log a + aB (^^^ , a e (0, 1) , (1.1) 

which allows B to be interpreted as a cocycle under the action of the modular 
group (see Appendix 5 for details). In terms of the continued fraction expansion 
of a the Brjuno function is defined as follows : 

i?(a) = 5]/3,_i(a)loga7S (1.2) 

where = 1 , pj{a) = \pj - qja\ {j > 0) , aj = - q.^la -p^i ' (^^^ 
Appendix 1 for a short summary of the relevant facts concerning the continued 
fraction). 

In a previous paper [MMY] we introduced the linear operator 

T/(x) = x/Q^ , a;e(0,l) 

acting in the space of Z-periodic measurable functions and we studied the equation 

{l-T)Bf^f, 

so that 

Bf{x + 1) ^ Bf{x) VxgM, 

Bf{x) = f{x)+xBf{l/x) Va;e(0,l). 

The choice f{x) = — log{x} (where {•} denotes fractional part) leads to the Brjuno 
function B. For other choices of the singular behaviour of / at the condition 
Bf < +00 leads to different diophantine conditions. On the other hand if / is 
Holder continuous then Bf is also Holder continuous and this fact could help to 
explain the numerical results of Buric, Percival and Vivaldi [BP V] . 

Acting on L^([0, 1]) the operator T has spectral radius bounded above by 

^2^^ (thus (1 — T) is invertible). A suitable adaptation of this argument has 
led us to conclude that the Brjuno function belongs to BMO (T^) (bounded mean 
oscillation, see references [Ga, GCRF] for its definition and more information). 

By Fefferman's duality theorem BMO is the dual of the Hardy space H^ thus 
one can add an L°° function to B so that the harmonic conjugate of the sum will 
also be L°°. This suggests to look for an holomorphic function B defined on the 
upper half plane which is Z-periodic and whose trace on M has for imaginary part 
the Brjuno function B. The function B will be called the complex Brjuno function. 
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Another motivation for the introduction of the complex Brjuno function 
comes from results concerning the linearization of the quadratic polynomial 
Px{z) = X{z — z'^) ([Yol], Chapter II). One has the following results : 

(1) there exists a bounded holomorphic function U : D — > C such that |t^(A)| is 
equal to the radius of convergence of the normalized linearization of Pa ; 

(2) for all Ao e S-*^, |C^(A)| has a non-tangential limit in Aq (which is still equal to 
the radius of convergence of the normalized linearization of -Pao) ! 

(3) if A = e^'^*", q; e M \ Q, Pa is linearizable if and only if o: is a Brjuno number. 
Moreover there exists a universal constant Ci > and for all £ > there 
exists Cg > such that for all Brjuno numbers a one has 



In [MMY] the authors proposed the following conjecture (see also [Ma]) : the 
function defined on the set of Brjuno numbers by a h- > B{a) + log |C/(e^'^*")| 
extends to a 1/2-Holder continuous function as a varies in R. If this were true 
then the function —iB{z) + logt/(e^'^*^) would also extend to a Holder continuous 
function on H. 

1.2 The complex Brjuno function 

A natural question now is how to extend the operator T to complex analytic 
functions. This is achieved as follows : the operator T extends to the space 
^'([0, 1]) of hyperfunctions u with support contained in [0, 1] (see section 1.4 for a 
proof of this fact and Appendix 2 for a very brief introduction to hyperfunctions). 
This space is canonically isomorphic to the complex vector space 0^{C \ [0, 1]) 
of holomorphic functions on C \ [0, 1] which vanish at infinity. The connection 
between u and the associated holomorphic function (p is commonly written as : 
u{x) = ■^{(p{x + iO) — (p{x — zO)), which is also equal to Qm(p{x + iO) when (p is 



(1 - e)B{a) -C,<- log \U{\) \ < B{a) + d . 



real (i.e. (fi{z) = (f{z)). On 



(C \ [0, 1]) the formula for T reads 





(1.3) 



Formally we have 




(1.4) 



r>0 



where the monoid 




acts on O^{C\[0, 1]) according to 
{Lg(f){z) = {a - cz) (f(— — ■ 




) 



det{g)c '^(f' 



( 



d 



c 



(1.5) 
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The series (1.4) actually converges in (C\ [0, 1]) to a function cp. To recover 
a holomorphic periodic function on H one sums over integer translates : 



n€Z \M J 



(1.6) 



To construct the complex Brjuno function one has to take (po{z) = —^Li2 (^). 
where Li2 is the dilogarithm (Appendix 3, [O]). Then the above formulas give 



Hp" - i'z) 



Lio 



— (I z 
qz-p 



Li, 



Lio 



p" — q" z 
qz-p 



Lis 



+ - log ^— - 
q q + q' 



(1.7) 



P' P" 



is the Farey interval such that ^ = ^,^^„ (with the convention 



where 

p'=p-l,q' = l,p" = l,q" = Oifq=l). 



1.3 Main results : Properties of the complex Brjuno function 

Our main result (Corollary 5.8) is that the real part of B is bounded on the 
upper half plane (note that this statement is stronger than the result obtained 
by the above mentioned general properties of the harmonic conjugates of BMO 
functions) ; moreover the trace of ^eB on R is continuous at all irrational points 
and has a jump ofir/q at each rational point p / q e Q (see Section 5.2.9). 

A numerical study of the function arg [/(e^"^*") seems to indicate a similar 
behaviour (see Figure 1). 

Concerning the boundary behaviour of the imaginary part of B we prove the 
following (Theorem 5.19) : 

(i) if Q! is a Brjuno number then 'ismB{a + w) converges to B{a) as — > in 
any domain with a finite order of tangency to the real axis ; 

(ii) if a is diophantine one can allow domains with infinite order of tangency (see 
(5.58)) 

The precise behaviour of at rational points is described by Theorem 5.10. 
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1.4 Hyperfunctions and operator T 

Let tt, V' e -^'^([0, 1]), m e N, m > 1. We consider 







m+l ' m 

otherwise. 



(1.8) 



Note that TmU = (Tu) ^i, thus T = Em>i ^m- We define the adjoint T, 

by 

which gives 



* 

m 



Tmu{x)ip{x)dx — I u{x)T^ip[x)dx 



{m + x)^ \m + X 

The previous formula with ip analytic in a neighborhood of [0, 1] allows to extend 
the domain of definition of to the hyperfunctions u G ^'([0, 1]) (see Appendix 5 

for a very short summary of hyperfunctions) and to obtain TmU E A' ' m ) ■ 

More generally, if w e ^'([70, 71]), 7o > -1, then e A' ([^^, ;^]) C 
^'([0,1^]). One has 



' Tu{x)ilj{x)dx = / u{x)T^ilj{x)dx . 



(1.9) 



If i/) is holomorphic in a neighborhood V of [0, 1], then also T^ip is holomorphic 
in V and one has 

1 



sup \T* 

V 



< -m sup 
2 V 



(1.10) 



(this follows immediately from the estimates of section 3.2 choosing V to be the 
complement of a neighborhood of D^o with respect to the Poincare metric on 
C\[0, 1]). Therefore the series ^^>i T^u converges in A'([0, 1]) to a hyperfunction 
which will be denoted Tu. 

Let u e ^'([70,71]), 70 > —1, and let (p e 0^{C \ [70,71]) be the associated 
holomorphic function, i.e. (f is holomorphic outside [70, 71] and vanishes at infinity. 
For all m > 1 the holomorphic function associated to TmU is Lg(^^^(fi given by 
equation (1.5) with a — 0, b — c = 1, d = m. Indeed if z ^ [70, 71] 



{T,nu){c,) = u{T;^c,), 



(1.11) 



1 1 

where 0^(0;) = _ ^ , and 



^Kc,{x) 



TT X — Z' 
1 



(m + x)^ 



1 



1 



TT 



^c.(x) 



z {m + x)"^ ' \m + X - ^ m + X 

- Z (ci_^{x) - C-rn{ 
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Thus we are led to define T(^, according to (1.3), as an element of the space 

Oi(C\[0,l/(l + 7o)]). 

To construct the complex analytic extension of the functions Bf (defined in 
Section 1.1) our strategy is the following : 

1) take the restriction of the periodic function / to the interval [0, 1] ; 

2) consider its associated hyperfunction Uf and its holomorphic representative 
ipeO^{C\[0,l]). 

Then the series (1.6) converges (thanks to Corollary 3.6) to the complex 
extension Bf of the function Bf. The main difficulty (unless / belongs to some 
space, see Section 4.3) would be to recover Bf as non-tangential limit of the 
imaginary part of Bf as ^mz — > 0. 

1.5 Summary of the contents 

Let us now briefiy describe the contents of this article. 

In Section 2 we discuss the relation between the monoid A4 and the full 
modular group GL (2, Z). We then describe various automorphic actions of M.. 

In Section 3, the introduction of a complex analogue of the continued fraction 
expansion of a real number allows us to prove the convergence of the series (1.4) 
and (1.6) (Corollary 3.6). The main feature of the complex continued fraction is 
that it reduces to the real continued fraction when the number is real and it stops 
after a finite number of iterations when the number is rational or complex. In the 
latter case the absolute value of the imaginary part of the iterates grows at least 
exponentially with the number of iterations and when it reaches 1/2 the iteration 
stops. 

In Section 4 we use the complex continued fraction to study the behaviour of 
the series (1.4) when z is close to [0, 1]. This is interesting in itself and it will be 
very important when applied to the complex Brjuno function in order to prove our 
main results. Our study allows us to prove that the restriction of T to the Hardy 
spaces HP{C\[0, 1]) nO"'^(C\ [0, 1]), I < p < +oo, is continuous with spectral radius 
bounded above by ^2~^ ■ '^^^ same results holds also on the space of functions 
(peO^(C\ [0, 1]) with bounded real part. 

The complex Brjuno function is finally introduced in Section 5 where we state 
and prove our main results. 

In the Appendices we recall the results we need on the real continued fraction, 
on the hyperfunctions and on the dilogarithm. Then we show how to relate the 
complex Brjuno function with the even real Brjuno function treated in [MMY]. 
Finally we describe how the real Brjuno function can be viewed as a cocycle under 
the action of the modular group. 

Acknowledgements. This work begun during a visit of the first author at 
the S.Ph.T.-CEA Saclay and at the Dept. of Mathematics of Orsay during the 
academic year 1993-1994. This research has been supported by the CNR, CNRS, 
INFN, MURST and a EEC grant. 
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2. Modular group, the monoid A4 and its action 

According to (1.4) the inversion of (1 — T) leads to consider the monoid M 
of matrices of GL(2,Z). In this section we study its algebraic properties and 
we describe various actions of the modular group and of the monoid M. on 
meromorphic or holomorphic functions. 

2.1 Algebraic properties, notations, structure of the monoid Ai ; rela- 
tions of A4 with the modular group and with Farey intervals 

2.1.1 Notations : 

G = GL(2,Z) = {(^^ , o,6,c,de Z, £g := ad-bc=±l}; 

H is the subgroup of order 8 of matrices of the form s'^ (^s' 

where £, e' e {—1, +1} ; 

Ai is the monoid with unit ( }. ? ) made of matrices a = ( ^, )eG such 

that, if (7 ^ id , we have d > b > a > and d > c > a. 

1 n 
1 

2.1.2 Let g{m) ~ ' ^'^^^^ m > 1. Clearly g{m) E Ai. Moreover, Ai 

is the free monoid generated by the elements g{m), m > 1 : each element g of Ai 
can be written a,s g = g{mi) ■ ■ ■ g{mr) , r > , mj > 1 , and this decomposition 
is unique (see Proposition Al.2). 

2.1.3 One has 

G = ZMH , 

i.e. the application Z x A4 x H ^ G , {z,m,h) ^ g = z ■ m ■ h is a, bijection. 

2.1.4 The subset Z ■ Ai of G is made of matrices g = ( ^ ] such that 



1 7X 

Z is the subgroup of matrices of the form ( ) , n e Z. 



c d 

d > c> with the following additional restrictions : a = 1 if c = 0, and, b = a + 1 
if d = c = 1. 

We will also often use the following remark, which is an immediate conse- 
quence of the structure of Ai and of the relation 



one has the partition 



2.1.5 Let us consider the usual action of G on C = CU{oo} by homographies : 



^ '^^ ■ The following facts are easy to check 
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1. 5r • [0, 1] = [0, 1] if and only if g belongs to the subgroup of order 4 of matrices 
oftheform±(j l)' 

2. The monoid of the elements g such that g ■ [0, 1] C [0, 1] admits the partition 

^□^(V -i)u-^(V Ou^O :0- 



Note that 



-1 iW-1 

I 1 1 M 1 



3. The application g ^ g ■ 1 — is a bijection of ZAi over Q which maps 
M onto Qn (0, 1]. 

4. The application g g ■ = b/d maps ZA4 onto Q and each rational number 
has exactly two inverse images. The two elements which map on 1 are 

^ Q j ^ and ^ ^ j ^ . This makes the partition of 2.1.4 less mysterious. 

5. The application g g ■ [0, +oo] is a bijection of ZA4 on the set of Farey 
intervals (the convention we adopt here implies that [n, +oo] is a Farey 
interval, but [— cxD,n] is not). For the definition and properties of the Farey 
partition of [0, 1] we refer the reader to [HW]. 

6. The application ^i— >^-oo = a/ceQ = QU {oo} of ZM. on Q is surjective. 
Moreover 

• fir ■ oo = oo if and only ii g G Z ; 

• ^•oo = neZif and only if 

fn l + kn\ fn -l + kn\ 

9=[^ J ' k>lovg=^^ ^ j , k>2; 

• fir • oo = a/c, c > 1 if and only if 

f a a' + ka\ , ^ f a a" + ka\ , ^ 

^=[c c' + kc) ' ^>lor^=^e c" + kc) ' ^^1' 

is the Farey interval which contains a/c. 



where 



a a 

n' 1 r-ll 
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2.2 Actions of M. on some spaces of holomorphic functions 

2.2.1 Let U be an open subset of C. We will denote by 0{U) the complex 
vector space of holomorphic functions on U. Let / C M be a compact interval and 
let /c G Z. If /c > (/c < respectively), we will denote with 0^{'C\I) the complex 
vector space of functions holomorphic in C \ /, meromorphic in C \ /, which have 
a zero at infinity of order at least k (resp. a pole of order at most |A;|). 

Let 9 — (^^^ d^^^ assume that (p is meromorphic in U. We define 

Lf^(.) = (a-C.)-Vf^) • (2.1) 

(k) 

The function Lg(p is meromorphic in g ■ U. Note that 

{Lf^^y = k{k + 1)0^4^+2)^ + sg{2k + 2)c4'=+3)^' + +^)^" 
thus, for k = —1 

{L^i'^^r = • (2.2) 

Note also that if g e Z then L^J'^ does not depend on k. 

The formula (2.1) above clearly defines an action of G : ii g^g' e G, k e Z and 

(fi is meromorphic in U then the functions Lg'\L^^^(fi) and L^^J,(fi (meromorphic 
on gg' ■ U) coincide. 

2.2.2 Let J denote a compact interval of M and let (p e 0^(C \ J). The series 

J2^{z-n)^Yl (for all k) , (2.3) 

converges uniformly on compact subsets of C \ H. and also on the domains 
{2; e C , IS^m;^! > 5 > , \?R.ez\ < A}. The sum will be denoted ^z^'i 
it is a function holomorphic in C \ R, periodic of period 1 and vanishing at ±zoo. 

Thus taking the quotient by Z it can be represented by means of the variable 

q = e^^'riz^ 

If e C^(C \ J) with [0, 1] C J then one can decompose in a unique way 

(fi{z) = aolog - + (fio{z), (2.4) 

z — 1 

where uq E ipo E C^(C \ J) and we consider the main branch of the logarithm 
in C\M-. We have 
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and this leads to the definition 

Z Z u 

Note that in order to insure the convergence of the series ^g^z -^s^V o^i^ must 
regroup together the terms ^ ^ and ^ ^ , n > 1 (symmetric summation 

or Eisenstein's summation). 

2.2.3 Let k E Z and g e M.. Since g ■ [0,1] C [0,1] if (p is meromorphic 

in C \ [0,1] then Lg'^^cp wiU stiU be meromorphic in C \ [0,1]. Moreover if 

(f e 0'=(C\ [0,1]) then also L^'^V e 0'=(C\ [0,1]). Thus one has an action of 
the monoid M on 0^{C \ [0, 1]). 

2.2.4 We will now define a new action Lg of A4 on 0^{C \ [0, 1]) which differs 
from the action Lg on 0~^{C \ [0, 1]) by an affine correction. 

All functions (p e 0~^{C \ [0, 1]) can be uniquely written as 

ip{z) = Az + B + p{if){z), p{if)eO\C\[0,l]). (2.6) 
Note that if^r^^^ ^^eG and ip{z) — Az + b then 

L^-^V(^) = A{dz -b)+ B{a - cz) 
is still an affine function. Thus the formula 

L,(^:=p(L(-iV), (2.7) 

where g e M, (f e O'^(C\[0,l]), defines an action of M on 0^{C \ [0, 1]) which 
makes the following diagram commute 



e»-i(c\[o,i]) ) o-i(c\[o,i]) 



oHc\[o,i]) 



Oi(C\[0,l]) 



More explicitly, if ^ = ( ^ ^ ] e M 



Lg{p{z) = (a — c;^) 



dz — b 

- I - 

a — cz \ c 



1 , ( d 



-EgC ^ \- 



(2i 
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Since this definition diff'ers from that of Lg only by an affine correction one 
clearly has 

(L,^)" = 43)^" , (2.9) 

where (p" e O^{C\[0,l]). Equivalently one can say that Lg(p is obtained by taking 
the double primitive of 'cp" which vanishes at infinity. 

Two other formulas will be used throughout what follows :if(pE O^(C\[0, 1]), 

^ " (c ^) ^ ^ ^ B' c] = f • [0>+oo] one has 



SgC 



dt-(p' {- 



d 



c " c(a — cz) 
= c-V-c.)-/."(-^e,;^)(l-<)*. 



(2.10) 



Note that the assumption about z means that the segment whose extremities are 
—d/c and {dz — b)/{a — cz) does not intersect the interval [0,1]. The two formulas 
are thus nothing else than Taylor's formulas of first and second order with integral 
remainder. 

2.2.5 If (/? e 0{C \ I) we denote by a ■ ip{z) = (p{z) . cr is an involution of 
0{C\I) which preserves all the subspaces 0''{C \ /), commutes with p and with 
the actions of M on O'^. a ■ (p = (p, then (p{x) e R for all a; e IR \ /, and we say 
that (p is real holomorphic. 



3. Complex continued fractions 

Exactly as in the real case treated in [MMY] , where the use of the continued 
fraction expansion was important for the study of the real Brjuno function, the 
introduction of a complex analogue of Gauss' algorithm of continued fraction 
expansion of a real number will be essential for the study of the boundary behaviour 
of '^j^iLgip){z) and the construction of the complex Brjuno fimction. In this 
section we first define our complex version of the continued fraction (section 3.1) 
then we use it to estimate the spectral radius of T (section 3.2) and to prove the 
convergence of the series (1.4) and (1.6) (Corollary 3.6). 
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3.1 Definition of the complex continued fractions 

3.1.1 We consider the following domains : 

Dn = <zeC,\z + l\<l,Uez>^-l 



D, = 




1 ^ 1 

D = {z e C ,\z\ < 1 , \z - i\ > 1 , \z + i\ > 1 , ^ez > 0} , 
Ho = {z eC,\z-i\<l, \z + l\>l, Qmz < 1/2} , 
H'q = {z eC,z e Ho} 

A = i?oUiy^Ui:> = e C, 1^1 < 1, |^+ 1| > 1 , I ^mz\ < 1/2} , 
Doo =C\(L'oUAuDi) 

= {| Qmz\ > 1/2} U {3f?ez < ^ - 1} U {Uez > ^ , \z - 1/V3\ > l/VS} . 

Figures 2 and 3 show these domains and their image under the inversion S{z) = 
1/z. A fundamental property is the following 

• if z ^ D U Di (in particular if 2 G -Doo) then 1/z ^ m E D^o for all m > 1 ; 

• if z E Di, then 1/z — 1 E Dq and 1/z — m E Doo for all m > 2. 

Observe that SD — Um>i(A + m) , where the domains have disjoint interior. 
Thus, for 2; e D, we define 

A{z) = --m={g{m))-^-z, (3.1) 
z 

(we recall that g{m) ~ ' ^ ~ where m > 1 is the unique integer such 

that A{z) e A , \A{z)\ < 1 . Iterating from zq G D, we define 

Zi+i = Aizi) = A'+\zo) (3.2) 

as long as Zi — A\z) e D. The iteration process stops when one of the two 
following conditions is verified : 

• zi = for some I > 0; this happens if and only if zq G Q, 

• zi ^ {DU {0}), for some / > ; this happens if and only if zq ^ R. 
For all < i < I, we will denote nii+i the integer such that 

1 , . 

Zi+i = rui+i , rrii+i > 1 . (3.3) 

3.1.2 Let ( P'-' P^\ = (^. M .. Y° M G < z < / . Then 



(3.4) 



qi-i Qi J \1 mi J " ' \1 nii 
one has the same recurrence relations as for the real continued fraction 

Pi+i = nii+ipi +pi-i , 
Qi+i = nii+iqi + qi-i , 



Complex Brjuno Functions 

with initial data p_i = qq = 1 and po = q^i = 0. Moreover 
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Pi-iZi+pi pi-qiZo 

zo = ■ — , Zi = , (3.5) 

qi-iZi + qi qi-izo-pi-i 

and if one poses 

i 

Pii^o) ^ll^j = {-^YiQi^o -Pi) , (3.6) 

3=0 

then 

A(^o) = —-^ = . (3.7) 

Finally one has 

(-1)' '^mzo = \Pi-i{zo)\^ '^mzi = \qi + qi-iZi\~'^ ^mzi , 

fly- 

P- = (-l)^(A-i(^o))-' = i-mqi + Qi-iZif . 
azQ 

Observe that, as \zi^i + 1| > 1 and 3?e2;j+i > ^ — 1 for z < Z, we have from (3.7) 
mzo)\ < g-+\[cos7r/12]-i = ^^^m (3-8a) 



and, as qi < q-j+i, \zij^i\ < 1, 



|A(^o)| > ^gr+i • (3-86) 
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3.2 The operator T, its spectral radius and the sum over the monoid 

3.2.1 Let 71 > 70 > -1, /= [7o,7i], V e 0\C\I). 
For all m > 1 one has (compare with (2.10)) 



= -z-^ if" {-m + ^) (1 - i)dt , 



(3.9) 



provided that z ^ [0, 1/(70 + m)], and an even simpler formula for the action at 
the level of second derivatives 



3.2.2 Let £ > 0, 

t/e = {2; e C,3f?e2; < 70 - £or 3fJe2; > 71 +£or I '^mz\ > e} . (3.11) 
We have the following 

Proposition 3.1 Let 70, 71 as above, I — [70,71], J = [0, 1/(1 + 70)]. 

1. For all (f G 0^{C\I), the series J2m>i ^g(m)V converges uniformly on compact 
subsets K of C \ J to a function Tip G 0^{C\ J) and there exists e > and 
Ck > such that : sup^ \T'~p\ < C^supf/^ \(p\ . 

2. For all G 0^(C\I) the series ^^>i L^^^^-^ip converges uniformly on compact 

subsets KofC\Jtoa function T^^'^ip G C^(C \ J) and there exists e > 
and Ck > such that : sup^ jT^^Vl < Cksupjj^ lip] . 

3. For all (peO^C\I) one has T^^^^p" = {Tip)" . ' 

Proof. Let e > 0. There exist Cg > such that for if) G C^(C \ /), z G one has 

\i>{z)\ < Ce|2;|~^SUp IV'I • 
Ue 

If X is a compact subset of C \ J there exists s = Sk such that 1/z — m G 
for all m > 1 and z E K. Moreover there exists Ck > ^ and M = M(7o), such 
that |l/2 — m|^^ < CK'm~^ for all 2 G m > M. Consequently, for 2 G K and 
G 0^(C\/) we have 



-i/j I - — m j < c'j^ sup 1-01 , with c'^ = M + c^c^ ^ : 

m>l V-^ / t^e m>M 



m-3 



which proves the second part of the proposition. 



Complex Brjuno Functions 



15 



By integrating twice from cxo one deduces that for Lp G (9^(C \ /) the series 
Sm>i Lg{m)f converges uniformly on compact subsets of C \ J to a function 
Tip G 0^{C\ J). Moreover for any compact K C C \ J there exist Cg > and 
ck > such that for z e K, \{Tip)"{z)\ = \{T^^^(p"){z)\ < ck\z\-^ snp^^ \ip"\ . 
On the other hand there exists > such that, sup^;^ \(p"\ < c'^supu^^^ \(f\ (by 

Cauchy's formula), hence we get for z E K, \T(p{z)\ < ck\z\~^ snpjj^^^ \(p\ . The 
third part of the Proposition is immediate. □ 

3.2.3 The open set C \ [0, 1] is an hyperbolic Riemann surface which is 
naturally equipped with a Poincare metric. The following well-known fact will 
be crucial for the proof of Lemma 3.2 : given two hyperbolic Riemann surfaces 
M, N and an analytic map f : M ^ N either its differential df contracts the 
hyperbolic metric or / is a surjective local isometry. In what follows we will 
denote d^yper the Poincare metric on the Riemann surface under consideration. 

Given p > we denote 

Vp{D^) = G C \ [0, 1] , dhyperiz, Doo) < p} . (3.12) 
the p-neighborhood of Dqo in C \ [0, 1]. 

Lemma 3.2 Let p > 0. For allm> 1 and z G Vp{Doo) one has ^ — m G V'p(-Doo) 

Proof. The Mobius transformation z ^ — m maps D^o into itself and C \ [0, 1] 
onto C\[l— m, +oo] which is contained in C\[0, 1]. Thus it decreases the hyperbolic 
distance and the p-neighborhood of the image of Dqo w.r.t. the Poincare metric of 
C \ [1 — m, +oo] is contained into the p-neighborhood of w.r.t. the Poincare 
metric of C\ [0,1]. □ 

3.2.4 Once the existence of the operator T on holomorphic functions is 
established (Proposition 3.1) one can ask for more information on Hardy spaces. 
The results we will prove are completely analogous to those obtained for the real 
Brjuno operator in [MMY]. 

Proposition 3.3 Let p > 0. There exists > such that for all r > and 
il) G C>2(C\ [0, 1]) one has 

sup \{{T('^yi^){z)\<c'Jy^] sup \i;{z)\. 

Proof. First of all note that if 2 G -Doo and g E M. then ■ z E Dqq, thus taking 
into account Lemma 3.2, if 2 G Vp(Doo) then g~^z G Vp(Doo)- 

Given an integer r > we denote M.^"^^ the set of elements g oi M. the 
form g{mi) . . .g{mr), mi > 1 for all 1 < i < r. Then one has 

(T(3))^v= E 4'V= E 4'^(^^^'V). 
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/ fa' b' 



Let g' = { , ,>] e Al^^-^) and z e Vp(Doo) ; let z' = For all m > 1 one 

\C a J f/ a c z 

a' h'\fQ l^ 1^ b' d' \ 

d d^ )\y m) ~ \a' + mb' c' + md' J ' 

from which it follows that 

Lf,\T^'^i.){z) = {b' - d'z)-' E V' - ™) • 

m>l ^ ^ 

Since z' e Vp(Doo), as we have seen during the proof of Proposition 3.1 one has 



m>l ^ 



< Cp sup IV'I 



On the other hand one has \z — b'/d'\ ^ < Cp for all z e Vp{D oo) and b' /d' e [0, 1]. 
Thus we get \L^g) {T^^^ili){z)\ < Cp(d')~^ . But now it is enough to recall that (see 

appendix Al) min^(r— i) d' > C ^ ^"^^ ^ , and ^^(r— i) d'~'^ < C , to obtain 
the desired estimate. □ 

Remark 3.4 In a completely analogous way we may prove that for p > and all 
<^eOHC\[0,l]), 

sup |rX^)| <c' ( ^ ^ ) sup \(p{z)\ . 

Remark 3.5 We may also consider the Hardy space HP{Doo), 1 < p < +cxd of 
analytic functions tp : Doo C such that the subharmonic function has 
a harmonic majorant. It is an immediate consequence of the Riemann mapping 
theorem that this space is isomorphic to HP(D). Indeed if h maps Dqo conformally 
onto D one can use the norm 



\<fi\\Hp{D^) = \\<fi°h ^llijP(B) = ( / \(fi{z)\P\h'{z)\\dz\] 



1/p 



Note that since dDoo is a rectifiable Jordan curve h extends to a homeomorphism 
of 9-Doo onto which is conformal almost everywhere. It is immediate to check 
that the proof of Proposition 3.3 can be easily adapted so as to show that T is 
bounded linear operator on Hp{Doo) with spectral radius < ^2~^ ■ 

3.2.4 We have now the following important Corollary, which establishes the 
convergence of the series (1.4). 
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Corollary 3.6 

1. Let if) G 0^{C \ [0,1]). The family {L^g'' ^jj) g^j^ is summable, uniformly on 
compact subsets of C\[0, 1]. Its sum is equal to Xlr>o(-^*'"^'')'^^' ^^^^ denoted 
YIm for all compact subset KofC \ [0, 1] there exists e > such that 

E(3) 
^1 < CksupIV'I . 

The family (Lg tlj)g(^z-M summable, uniformly on all domains of the form 
{\^ez\ < A, I S^m^l > 6} (where A and S are positive). Its sum is equal to 

J2z YIm '^^ ^^^^ denoted Xlz ^M V'- 1^ ^'s holomorphic in C \ R, periodic of 
period 1 and bounded in a neighborhood of ±ioo. 

2. Let if) G 0^{^ \ [0,1]). The family {Ijgip)g^j^ is summable, uniformly on 

compact subsets of C\ [0, 1]. Its sum is equal to J2r>o'^^'^' ^^^^ denoted 

(p. The function ^^(Sai ^^^^ denoted Yiz-M ^- holomorphic 
in C \ ]R, periodic of period 1 and vanishes at ±ioo. One has 

M Z-M 

3- T.M_(resp. Y.^^) and{l-T) (rcsp. {1 -T^^^)) acting on O^{C\[0,l]) (resp. 
0^{C \ [0, 1])) are the inverses of one another : 



M M 



(i-^'")E':'=E':'(i-^'^')='d. 



m 



Proof. 

1) The only non trivial assertions are the summability of the families {L^P'^)g^M 

and {LPil))g^zM- Writing g = g'g{m), (m >l,g'e M) ioi g e M, g ^ id, 
we have 

Lf^i;{z) = {b'-d'z)-'i; (^i - 
with 

>_fa' b'\ , _ d'z- b' 

^ ~ \c' d'j ' ^ - a'-dz • 

Now for z G Vp{D^), Lf^i^{z) = Cp (md'dist(z, [0, 1])) supy^^^^) IV'I , 

and the summability assertions follow (see proof of Proposition 3.3). 

2) Again, the only non trivial assertion is the summability one, which is obtained 
from the first part by integrating twice. 

3) The third part of the corollary is immediate. 

□ 



18 



Marmi, Moussa, Yoccoz 



4. Boundary behaviour of <^ 

In this section we will study the behaviour of 'fiz) when z is close to [0, 1]. 
Our main tool for this study will be the complex continued fraction introduced 
in the previous section. In this section and in the next one we will for shortness 
often denote c ox C various positive universal constants. 

4.1 Decomposition into principal and residual terms 

4.1.1 We begin our study of the boundary behaviour of YIiM considering 
the case z is close to 0. 

Proposition 4.1 

1. Let I = [70,71], 7o > —1- There exists c = cj > such that for all 
ipeO^{C\I) and for all z e DqU HqU one has 

|T(^(2;)- V^'(-m)| <c,|2;|log(l + |2;|-^)sup|(^| , (4.1) 
^1 ^ 

where U — {z & C , \ '^mz\ > 1/2 or ^ez < 70 — 1 or 3?e 2 > 71 + 1}- 

2. There exists c > such that for all (p e 0^{C\ [0,1]) and for all z e 
DoUHqU H'q one has 

l5];^(z)-^(z)- ^(5^Vp)'(-m)| <c|z|(l + log|z|-^)sup|^| . (4.2) 

M m>l M 



Proof. We will only prove (4.2), since the proof of (4.1) is essentially the same. 
Let = <fi- One has 



m>l 



Let z & DqU HqU Hq. We will consider the cases m > S\z\~'^ and m < S\z\~'^ 
separately. 

If m > 3|2;|~^ the segment [— m, —m+ ^] is contained in the closed half-plane 
{^ew < —2/3} and one has 

1 „ t 

Lg{m)V{z) = — / (1 - t)(p"{-m + -)dt . 

Z Jq Z 

Applying Cauchy's estimate, it follows that \Lg(^r^^(p{z)\ < c|2|~-^m~"^ sup£,^ \(p\ . 
Since by Remark 3.4 sup^) \ip\ < csup^) \ip\ one gets 



J2 Lg^rnMz) 



< c\z\ sup \(p\ 



m>3|2|-i 



-Do 
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In the case m < 3\z\ ^ we separate the three terms constituting Lg(^j^'^(p{z) and 
we obtain 

|<^'(— m) I < cm~^ sup |<^| , \z(^{—rn)\<c'm~'^\z\svLp\Cp\, 



1 

Zip I — m H — 
z 



1,-1 

< c — m H — I sup \(fi\ , 



thus 



^ Lg{ni)^{z) - <p'{-m) 

m<3|2|-i m>l 



< cl^Kl + log 1^1 sup |<y?| , 



and the assertion is proved. 

4.1.2 Next we consider the behaviour near z = 1 : 



□ 



Proposition 4.2 There exists c> such that for all <^ e (C\ [0, 1] ) and z E Di 

one has 



Tcp{z)+zcp(--l) -J2^'{-m) 

^ m>l 
^^ifiiz) - lfi{z) + Z<f (- - 1] 



< c\z — 1| sup \(p\ , 



(4.3) 



< c\z - 1|(1 + log \z - 1|"^) sup \(p\ . (4.4) 



-De 



Proof. For z E Di we have - — 1 E Dq. Moreover, there exists c > such that for 
m > 2 and w on the segment with endpoints 1 — m and 1/z — m we have 



!</?'(— lu) I < cm ^sup|<^| 



(4.5) 



Since 



m>l 



m>2 



</?(! — m) — (p \ m 



from (4.5) one deduces easily (4.3). 

Let = V'- have (p{z) — (p{z) + T(p{z) , and 



'p{z) = 'p{z) - Z<f 



+ z 



^ I _ _ 1 ) _^ 



^ ^ m>l 



+ (1 - ^) E ^'(-™) • 



m>l 
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/ m>l 



< c|2 — 1| sup 



We also have : supjj \(fi\ < csup^, \(fi\ and by (4.2) 



m>l 



< c|2; — 1|(1 + log I2; — 1| )sup|<^ 



As 



Sm>i f'i—'nT') ^ csup£,^ ^ csup£,^ |<y?| , we get the second inequality. □ 



Remark 4.3 It is easy to check that the estimates in Proposition 4.2 are valid if z 
is such that 2; — 1 e A. 

4.2 Boundary behaviour and continued fraction 

Let A; > 1 and mi, . . . , rrik be integers > 1. We denote by -D(mi, . . . , rrifc) the 
set of zq & D for which the complex continued fraction is 

z~^ = rui+i + Zi+i , <i < k , 

with Zi E D for < i < k and Zk E A. In the following we set for < z < A; 

if = 1 , 



^ 1 if mi > 1 



Proposition 4.4 For e 0^{C\ [0, 1]) we have in D{mi, . . ., mk) 
T^ip{zQ) = {pk-i - qk-iZo)[(pizk) + (p{zk - 1) + ek(p{zk + 1)] 



{Pk-2 - gfe-2^o)(l + Zk-i)ek-i(p 



Zk-l 



1 + Zk-l 



+ i?[^](^)(2o). 



(4.6) 



The remainder term E}-^\ip) is holomorphic in intD(mi, . . . , m/-), continuous in 
-D(mi, . . . , mfc) and satisGes there 



\R^'\<p){zo)\<ck{^^^^j sup 1^1 . 



(4.7) 



Proof. One has 

T<p{zo) = -zoMzi) + ^(^1 - 1) + ei^izi + 1)] + {ifi){zo) , (4.8) 
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R^'^^^ifiXzo) = ^ (p' {-m) - zo [<f{zi + mi-m)-(p{-m)] 

m>l m>l ,\m — mi\>l 

+ zq ^ (p{-m) . 

m>l , |m— mi|<l 

For zq e D{mi), one easily checks that : \R^'^'^\(p){zo)\ < csup£,^ \(p\ and that 
is holomorphic in the neighborhood of D(mi). 
Iterating (4.8) k times we have 

fc-i 

tV(-Zo) = Yl{-Zi)[(fi{zk) + (p{zk - 1) + Sk^pizk + I)] 

i=Q 

k-1 j-l 

+ E[n(-^^)](^'">(^^- - 1) + 1)) (4.9) 

j=l i=0 

+E[ii(-^i)]i?^"^^-Hr'=-^<^)(^,_i) . 

j=l i=0 

We have here : ll^Q~^{-Zi) = pi-i - qi-iZq , and, \pi-i - qi-izo] < cq^^ . The 
function 

k J — 2 

4'k^o) = E[n(-^^)]^^'"^n7^'-^'^)(^.-i) (4.10) 

j = l i=0 

is holomorphic in a neighborhood of D (mi, ... , ruk) and satisfies there 

\RPizo)\ < cJ2Qj-iSnp\T'^-^<p\ < ck (^^^] sup 1^1 . 
The function 

k-i 
i=i 

is holomorphic in the interior of D{mi, . . . , m^) (and even in a neighborhood of 
D{mij . . . , nik) if Wfc > 1). Applying Proposition 4.1 {k — j) times to each term 
of the sum we see that it is continuous in D (mi, ... , nik) and satisfies there 

\R^'\zo)\ < cE\7'sup|T'=-^-V| < ck f^^^) supl^l . 
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The function 

fc-2 

4"(^o) = - qj-iZo)ejT^-'v{zj + 1) (4.12) 

is holomorphic in a neighborhood of D{mi, . . . ,mk) and satisfies, according to 
Propositions 4.1 and 4.2 

fc— 2 / 1— \ ~^ 

i4"(^o)i < cJ2qj' sup iT'^-^-vi < ck sup \<f\ . 

Finally, we apply Proposition 4.2 to (pfe_2— Qfe-2^o)£fc-i^¥'(-2fc-i + l) and summing 
up the different contributions to (4.9) we get the desired result. □ 

4.3 i?^— estimates 

4.3.1 Let 1 < p < +00. We consider the space HP{M^) of functions F e 
0^{C \ [0, 1]) whose restrictions to both H"*" and HI" belong to the Hardy space 
HP of these half-spaces, endowed with the norm 

||-P'||hp(h±) = 11-^ |h+ \\hp + \\F le- \\hp ■ (4-13) 

See references [Du, St] for details. Then, it is a classical result [Ga] that 
F e HP{M^) if and only if the associated hyperfunction u belongs to i^^([0, 1]) 
and that the correspondence is an isomorphism of Banach spaces. 

But we know [MMY] that T acting on Lp{[0, 1]) has spectral radius < 
Consequently the same is true for T acting on i?^(HI^). 

4.3.2 For the case p = oo and on the larger domain C \ [0, 1] we have the 
following 

Proposition 4.5 The restriction ofT to (C\ [0, l])f\0^(C\ [0, 1]) is a bounded 
operator on this space with spectral radius < ■ 

Proof. Letk>l,(pe H°°{C\ [0, l])nO\C\ [0, 1]) and zq e C\ [0, 1]. We estimate 
\T'^(f{zo)\ in various cases. 

(i) If Zq e Dqo we have 

\T'^<p{zo)\<c(^y^^^ sup 1^1, 

according to Remark 3.4. 

(ii) If Zq E Do \J Hq \J Hq we have, according to Proposition 4.1 and to Remark 
3.4 

\T''(f{zo)\ < csup it''- Vl < c ( ^ I sup \(fi\ . 
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|TV(-So)| <c 



sup It'^'VI + 



T^-^if ( — - 1 



1 



which gives, ioi k — 1 : \Tip[zQ)\ < c||(/?||h°° and for k > 1, according to 
Proposition 4.1 : 



iT'^ifizo)] < csupIT'^-^^I < c 



V 2 



sup |(^| . 



(iv) If 2;o e has continued fraction z^ ^ = rrii-^-i +Zi-\-i with < i < I, zi E A\D, 
I < k, we apply Proposition 4.4 to write 



TV(^o) = {Pi-i - qi-iZo)[T^-'ip{zi)+T''-'ip{zi - 1) + eiT''-'if{zi + 1)] 



k-l. 



-<k-l, 



(pi-2 - qi-2Zo){l + zi-i)ei-iT'' V 



-Zl-l 



+ i2W(T'=-V)(-So). 



Here, we have zi, zi — 1 and h ' in Dqo U Dq U ffo U ffn hence the value 

of T'^~^(p at these points is in absolute value less than csupj)^ |T^~^~^(^| 
(Proposition 4.1). We also have, according to Proposition 4.2 and Proposition 
4.1 



|r^-V(^i + i)l < 

On the other hand we have 



c||<^||ijoo if A; = Z + 1 , 

csup^ iT'^-'-Vl iik>l + l. 



\pi-2 - qi-2Zo\ < CQi^^ < c 



\pi-i - qi-iZo\ <cqi^ <c 



( 

V 2 



and thus from the estimate of i?''' in Proposition 4.4 and from Remark 3.4 
we have 



\T'^{zo)\ < 



cl 



V5+1 



iik^l + 1, 



ck(^) supn l^'l ifk>l + l 



(v) zo E D has continued fraction z^ ^ = rrii+i + Zi+i with < i < /c, ^fe e A, 
we again apply Proposition 4.4 to get 

T''(p{zo) = {pk-i - qk-iZo)[(p{zk) + <p{zk - 1) + ek<p{zk + 1)] 

- {pk_2 - qk-2Zo){l + Zk-i)ek-i<f (- ■, ^^"^ ) + R^''\<f){zo) , 

V 1 + 
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which gives 



\T^(pizo)\ < cq,^W\(p\\H^ +ck 



sup 



Collecting the estimates obtained in (i)-(v) we get the desired result. □ 
4.3.3 Let us now consider the conformally invariant version of i?^, 1 < p < 



+00. The application w 



z = 



_ {w+iy 



4ui 



is a conformal representation of D on 



C\ [0,1]; letting w = e^'^*^, one finds z = cos^ ^ thus \dz\ = 2| sin^|| cos^|d^, 
de = /.^ . ■ We can therefore identify LP(T^) with the direct sum 

) (one for each side of [0,1]). Let now 



I.e. 



2y/x{l-x) 

of two copies of Lp([0,1], 

2^/x{l-x)■ 

(p e C^C \ [0, l])nHP{C\ [0, 1]) which we will assume to be real. The associated 
hyperfunction u is u = Qm(p{x + zO), and u e -£'^([0, 1], — ). We have the 

following 

Proposition 4.6 For p > 1 the operator T deGnes a bounded operator on 
LP([0, 1], ) and its spectral radius is < 

' 2-yyx{l-x) ' ^ ~ 2 

Proof. One has Tu{x) = xu{^ — rn) if < < ^, thus 



^i/(m+i) 2A/x(l-a;) 



pl/m 










m \ 


/l/(m+l) 




\x J 



dx 



2A/(r 



Jo 



1 



1 



-1/2 



X] 



ds 



s + m J {s + mY 

<mV2-f f\u{s)Y>{s + mr^'^-'^' 
Jo 



Summing over m > 1 we have 



\'^'^\\LP{\0,l\,dx/2y/x{l-x)) - 



1 1/P 



m>l 



-p-1 



M\LP{[0,l],dx/y/x) 



which proves the first assertion. 

As far as the spectral radius is concerned, le us consider an integer k > 1 and 
the set of the intervals of definition of the branches of A'^. For / e I{k) one 
has (we denote with xj the center of /) 



T'^u{x)\P^£^== , 
I 2y'x{l-x) Ji 



(3k-iixr\uiA''x)\P- 



dx 



2^/x{l-x) 

< c\I\P [xi{l - x/)]"^/^ ^ \u{A''x)\Pdx 
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since [xi{l — xj)] < — x)] ^^"^ < c[xj{l — xi)] ^^'^ for all x & I, 
I e I{k) and k > 1 ; also c~^|/| < Pk-i{x) < c\I\ for all x e I. From this we get 



dx 



T''u{x)\p^= < c\I\P+^ [xi{l 



,, 1/2 II IIP 

xi)\ ' ki" 



(since has bounded distorsion on /). 

Taking the sum over all the intervals / (i.e. the branches of A^)^ since the 
/ e 1{k) form a partition (modO) of [0, 1], one obtains 



n p 



J.) 

which proves the second part of the proposition. □ 



max 1/1 

X(fe) 



Corollary 4.7 For p > 1, the operator T maps 0^{C \ [0, 1]) n Hp{C \ [0, 1]) into 
itself, is bounded and its spectral radius is < ^2~^ 

Proof. Let (p e O^(C\[0, l])r\HP(C\[0, 1]) be r_eal, u = ^m(p{x+iO) the associated 
hyperfunction. For k > the function of 0^{C \ [0, 1]) associated to T^u is T^(p. 
Using the conformal representation of C\ [0, 1] onto D and the fact that the Hilbert 
transform is bounded on LP{d9) one obtains the desired result. □ 

4.3.4 Here we consider the operator YIm acting on the space H^{C \ [0, 1]) fl 
C»i(C\ [0,1]). 

Lemma 4.8 For all g e M the restriction to H^{C \ [0, 1]) n 0^(C \ [0, 1]) of Lg 
is a bounded operator of this space into itself. 

Proof. It is sufficient to consider the case g = g{m), m> 1. One has then 

Lg(m) = o o xi o xo o T o cr O O 

where 

Tm is the isomorphism (fi{z) i— > <^ (- — m) of H^{C \ [0, 1]) onto H^{C \ [l/(m + 
l),l/m]); 

Lm is the canonical injection of H^{C \ [l/(m + 1), 1/m]) into H^{C \ [0, 1]) ; 
a is the bounded operator (p \—>- ip — (p{oo) of H^{C \ [0, 1]) into H^{C \ [0, 1]) n 
O\C\[0,l]); 

T is the isomorphism <f ^ y^i{w) = ^ (^^^S^) of \ [0, 1]) onto H^(D), 

whose restriction to H^{C \ [0, 1]) fi 0^(C \ [0, 1]) is an isomorphism onto 

Xo is the isomorphism (fii{w) i— > —(fi{w) of {(fi e H^(B) , <^i(0) = 0} onto 
ifi(D); 

Xi is the multiplication operator by the function _i!fi±l)_ g H°°(D) into H^(D). 

□ 

We want now to estimate the norm of Lg acting on H^{C \ [0, 1]) n C^(C \ [0, 1]). 



from ( ^ ? ) ; ( ? I ) (^hus d > b > 0) one has 
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Proposition 4.9 There exists a constant K > such that, if g E M. is different 
1 0\ fO 1 
1 J' V 1 1 

\\Lg\\m <Kd-^/^[mm{b,d-b)]-^/^log{l + d) . 

Proof. A function (p e H^{C \ [0, 1]) has non tangential limits at almost all points 
of the boundary and 

,, ,, \^{x + iO)\dx \y^{x - iO)\dx 



'o 2^yx{l — x) Jo 2^x{\ — x) 
On the other hand a function <^ e i7^(C \ [0, 1]) verifies 

<C|t|-'/'lbllHi Vte(-1,0), 
\^{t)\<C{t-\)-^l''M\u^ Vte(l,2), 



(4.14) 



as one can check directly applying Poisson's integral formula. Moreover, if it 
belongs to H^{C \ [0, 1]) fl 0^(C \ [0, 1]) the same argument leads to the estimates 

Hz)\ < C\z\-^Mm , \<f'{z)\ < C\z\-^Mm , \<f"{z)\ < C\z\-^Mm , 

(4.15) 

for all z such that 1 2 — 1 /2 1 > 1 . 

Given these preliminary elementary estimates, let (p e H^{C \ [0, 1]) r\0^{C\ 

[0,1]), f = ^) ^ ^^^^ d > b > 0. Let (fi = Lg(p ; <fi is holomorphic 

outside the interval with end points b/d and {a + b)/{c+ d). We must estimate 
ji \<^(x±M)\dx symmetry it is enough to consider (fi{x + iO). We define an 

interval Ig of the following form : 

'^^={l ^)'"^^2, /,= [0,3/2m]; 

(ii) if^= (J "'j^^,m>2,/, = [l-3/2m,l]; 

(iii) in all the other cases one has c>a>0, ^ = ^ + ^;/gis the interval whose 
end points ^ + and | - ^ ; clearly Ig C [0, 1]. 

We will now directly estimate the integral of on Ig and on [0, 1] \ Ig. We 

begin with the latter. 

If a; e [0, 1] \ Ig, (f is holomorphic in a neighborhood of x and one has 

ifix) = c-2(a - cx)-^ / (1 - t)if" (--+ Sg—-^ dt . 

Jo \ c ^c{a-cx)J 
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We have 



c{a — cx) 



d 2d 
c 6 c 



(4.16) 



thus the values of the second derivative in the integral are < Cc^d ^||</7||jji, by 
the third estimate a of (4.15), and one has 

\(p{x)\ <Cd-^\x-h/d\-^\\ip\\H^ , 

since x — a/c and x — b/d are comparable outside Ig. We thus obtain 

\(^{x±iO)\dx ^ ^j_3|| II f dx 



< Cd-''\\(f\\H^ 



'[0,l]\lg ^yx{l-x) J[0,l]\lg ^yx{l-x) \x - ^\ 

An easy estimate of this last integral gives 

r m x±iO)\dx ^ cd-'/^[mm{b, d - b)]''/^ log(l + min(6, d-b)). 
J[o,i]\i, Vx{l - x) 

For the integral inside Ig we distinguish the three different contributions to 
(fi = L{g)(f. First of all one has (applying the second estimate of (4.15)) 



and 



thus 



\c-^ip'{-d/c)\ <Ccd-'^y\\m , 

/ -r4=^ ^ Cc-H-^^'[^.n{b,d-b)]-'''Mu^ , 
Ji„ \/x(l - x) 



c- <p'i-d/c)\dx ^ cd-'/2^minib,d-br'/^^U. . 

For X & Ig one has applying (4.15) and (4.16) 

\{a — cx)^p{—dj c)\ < Cc(i~^||(^||i/i , 

from which follows the same estimate above for the second term. We are left with 

f la — cxI |(/?(y ± iO)| , dx — b 

I = / ; dx , y = 



y/x{l - x) a-cx 

Inside /« one has . < Cd-i/2[ min(6, d — b)] ; on the other hand one 

^/x{l - X) 

has [j \(fi(y ± iO)\dx = f 1*^^^ ^ , where this integral is taken on the 

o {y + d/c) 
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complement in R of the interval (ifc>l; when 9 — 

1 m j ' — ^' integral is taken from — m/3 to +oo). 



One has then 



-d/3c (2/ + d/c) 
and the same for Jl'j'l'^ ■ Finally one has 



/ 

J\v 



'|y|>3d/c {y + d/cf 

Putting the various bounds together one gets 

To conclude the proof it is now enough to note that log(l + d/c) < log(l + d) and 
log(l + cmin(6,d-6)) < log(l + d^) < 21og(l + (i). □ 

Corollary 4.10 The series ||Lg||jifi is convergent. deGnes a bounded 

operator of H^{C \ [0, 1]) fl 0^(C \ [0, 1]) into itself; moreover T is a contraction 
of this space, its spectral radius being bounded above by ■ 

Proof. Let k > 1. We will take the sum of ||Lg||j:/i on the elements g E M. which 
are the product of exactly k generators g{m). The branch of A'' associated to g 

has domain 



a+b b 



1(g) and on this interval the max and the min of a;(l — a;) 
are comparable. The length [d{c + d)]~^ of 1(g) is bounded below by thus 

„ Kd-^log(l + d) In / A /■ dx 

\\L,\\m < u u <K'd-Hog(l + d) / , ^ . 

When we sum on the elements g considered, the intervals 1(g) form a partition of 
[0, 1] modO thus we get 



y ||LJ|Hi<i^" max [d-^\og(l + d)] 

mi,...,mfc ,g=9{mi)---g{mk) 

which gives the desired result. □ 
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4.4 Real holomorphic functions with bounded real part 

We denote by E the space of functions </? G (9^(C\[0, 1]) whose real part is bounded, 
endowed with the norm ||<^||£; = sup^.^^^ | Ke<^| . We have then for | '^mz\ < 1/2 



\^m<p{z)\ < -log[{2V2-2)\Qmz\]-^\\ip\\E , 

TT 

as one can prove from the analogue estimate for functions in the unit disk D 

\Qm^w)\< - sup |3fJe$(e2'^^'^)|log-^^'"'' 



(*) 



TT 



'£[0,1] 



\W\ 



applying the conformal representation of C \ [0, 1] — > D, = {^/z — — 1)^. 

Proposition 4.11 Tie restriction ofT to E is a bounded operator with spectral 
radius < 

Proof. Let & E, k > 1, zq eC\[0,l]. We estimate ^eT'^ip{zo) in various cases, 
(i) If Zq G -Dqo we have 



3ieTV(^o)| < |TV(^o)| <c 



sup \(p\ 



and, on the other hand, for all E E, sup^^ \lp\ < C\\ip\\E ■ 
(ii) If Zq E DqU Hq U Hq, or if Zq E Di, k > 1, or if Zq E D has continued fraction 
z~^ = rrii+i + Zi+i, < i < I, with zi E A \ D, I < k — 1, we have obtained 
in the proof of Propostion 4.5 the estimate 

V5 + I 



\T''ip{zo)\<ck 



sup \ 



(iii) If 2:0 G -Di, A; = 1, we have from Proposition 4.2 



we have 



and 



hence from (*) 







a-) 


< csup 







3?e Zq 3?e p 



1 



- 1 



'^m I 1 



<C\\<p\\e 

> C~^ \ '^mzo\ 



( 1 



3m Zq Qm (f { 1 



<^IIV'I 



E 



30 



Marmi, Moussa, Yoccoz 



(iv) If Zq G D has continued fraction = rrii^i + -^i+i, < z < — 1, with 
Zk-i E A \ D, the only term in the proof of Propostion 4.5 which gives 
some trouble is {pk-2 — Qk-2Zo)£k-2T(p{zk-i + 1) (the others are once again 



dominated by Ck (^^^^^^ 
even left with 



sup£) \(fi\). In fact, from Proposition 4.2, we are 



{pk-2 - qk-2Zo)ek-2{l + Zk-i)'^ 



1 + 



1 



We have here {pk-2 - qk-2Zo){l + Zk-i) = {pk-2 - qk-2Zo) - {pk-i - qk-izo) 
hence 

\^e[{pk-2 - qk-2Zo){l + Zk-i)]\ < Cq'^^-^ 

\^m[{pk-2 - qk-2ZQ){l + Zk-i)]\ < Cqk-i\ '^mzo\ < Cq'^W '^mzk-i\ 



and 



1 + Zk-1 



- 1 



> C ^ \ '^mzk-i\ 



Thus, from (*) we get 

3fJe(pfe-2 - qk-2Zo){l + Zk-i)ip 

Vs + i 



1 



1 + Zk-l 

k 

WvWe 



< CqkWWWE , 



and finally | 3f?eTV(^o)| < Ck (^^^ 

(v) If zq E D has continued fraction z~^ — mj_|_i + ^i+i, < i < k, with e A, 
we apply Proposition 4.4. We have 

I ^e{pk-i - qk-iZo)\ < Cq^^ 

I Qmipk-i - qk-iZo)\ < qk-i \ ^mzo\ < Cqk-iq^'^ \ Qmzk\ 
hence, for s = —1, 0, 1, from (*) 

I 3?e[(pfe-i - qk-iZo)(p{zk + e)] \ < Cq^'^\\(p\\E ■ 
We deal similarly with 

Zk-l 



{Pk-2 - qk-2Zo){l + Zk-l)V 



1 + Zk--i 



(see (iv) above) and conclude that 



^eT^ip{zQ)\ < Ck 



'V5 + 1 



□ 
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In this Section we introduce and study the complex Brjuno function. Pre- 
liminarly we need some further results on the monoid Ai and on the algebraic 
properties of and Ezx- 

5.0.1 Let us recall that one has 

More precisely, if one denotes = M. \ {1}, one has 



5.0.2 Let ipeO^{C\ [0, 1]). Let 
/ 

^1= ^/O l\+^/l 1 



M* u 



1 1 
1 



^e0i(C\[l/2,2]). 



(5.1) 



The family {Lg(f)g^M is uniformly summable on compact subsets of C\ [0, 1], thus 

XI fiz) - fiz) = ^^1 {z) - <p{z - 1) . 



M 



M 



On the other hand = + ^(T^i) , and T^i e C>^(C \ [0,1]). We can 

M M 
therefore conclude that 



J]^(^) = X[v.i+$^(T^i)] 



(5.2) 



ZM 



M 



where the definition of X^^</?i, </?i G C^(C \ [1/2,2]), is obtained extending the 
one given for functions in ^-'^(C \ [0, 1]). 

Remark 5.1 One has 



^i{z) = -z 
from which it follows that 



^(l-l)-^(-l) 



+ ^'(-l)+(^(^-l). 



(5.3) 



and 



z^i 0) = -[V{z - 1) - (^(-l)] + V(-l) + - 1^ , 
^z) + z^^ 0^ = (1 + ^)(^(-l) + ^'(-1)) . 
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5.1 The dilogarithm 

5.1.1 Let us define 



(fio{z) = --U2 (- 



(5.4) 



where the dilogarithm is taken with its principal branch in C \ [l,+oo] (see 
Appendix 3 for a short summary of the properties of the dilogarithm and [O] 
and references therein for more details). The function ipo belongs to 0^(C\ [0, 1]). 
It is real on the real axis outside [0, 1] and its only singular points are and 1. It 
is bounded outside of any neighborhood of and 



(fo (x ± zO) = ± log — , < a; < 1 , 

X 



thus the relation with the real Brjuno function B is clear : B(x) 
with / {x) = X)nez ^™ {x + iO-n). 
5.1.2 Let us now consider 



(5.5) 

[{l-T)-'f]{x) 



1 1 
1 



1 

1 1 



^oeO\C\[l/2,2]) 



Since (/7o(— 1) = 7r/12 and (p'q{—1) = ^ log 2 one has 



(5.6) 



TT 



1-z 



Lin 



z - 1 



+ :^;^+-log2. (5.7) 



The function (pi is real. It admits as unique singularities the points 1/2, 1 and 2 
and has two cuts along (1/2, 1) and (1, 2). It can be continuously extended to 1/2 
and 2 and it is bounded outside any neighborhood of 1. Moreover 



^m(fi{x ± iO) 
Note that if 1/2 < x < 1 



±x log if 1/2 < X < 1 , 

ilog^"" ifl<x<2. 



X 1 
xlog = log h a; log a; + {1 — x) log(l — x) 



One also has 



1 -a; 



ipi{z) + Zifii 



1-x 



(1 + ^) ( I^ + ^l°g2 



(5.8) 



(5.9) 
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Lemma 5.2 The function (pi{z) + zlog(l — z) is continuous on 1HI+ and its value 
at 1 is J log2+ 

Proof. Applying (A3. 7) to (5.7) twice one gets 



/ X 1 1 TT TT 1 

ifiiiz) = - log2 - - + -z + - 

TT 6 4 TT 



+ 



1 

2^ 



log'(l-2;)-2;W 



Li2{z - 1) - zLi2 



1-z 



1-z 



In this expression the function Li2{z — 1) — zLi2 (^-7^) is regular and vanishing at 
z = 1. Moreover 



log^(l -z)- zlog" ^ = log^(l -z)- log^ + (1 - ^) log^ ^ ^ 



—z 



—z 



—z 



where {1 — z) log^ vanishes at 2; = 1, and 



log2(l -z)- log^ ^ = - log\-z) + 2 log(-^) log(l - z) . 



—z 



In a neighborhood of 1 in H+ one has log(— 2;) + m = O (I2; — 1|) thus 



1 — z 

log^(l -z)- log^ = TT^ - 2z7rlog(l - ^) + O ( |z - 1| lo^ 

—z 



\z-l\ 



This Lemma leads to the following important 



□ 



Corollary 5.3 The real part of ^pi is bounded in C \ [1/2, 2]. It has an extension 
to a continuous function on C\{1} and 



lim v?i(a;) = - log 2 + T J 



(5.10) 



This Corollary is the motivation for using ipi instead of (po as the starting 
point of the construction of the complex Brjuno function. Equation (5.2) shows 
that this leads to the same result. 
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5.2 A natural compact ificat ion of M'^ 



By Lemma 5.2 above, ^e(pi extends continuously to H+ \ {1} with limits at 
1 along rays. This means that ipi extends continuously to the compactification 
of obtained from IHI+ by blowing out 1 into a semi-circle (corresponding to all 
rays in H"'" which end in 1). If we want to obtain a similar result for the complex 
Brjuno function J2zM ^® have to do the same thing at every point of Q. 

5.2.1 We will consider 



H+ = M+ U (M \ Q) U 



X 



(5.6) 



(where Q = QU{oo}) equipped with the topology defined by the following 
fundamental system of neighborhoods at any point z e 'W' : 

a) if zq e H+ a fundamental system of neighborhoods is given by {| 2; — 2:0 1 < s}, 

< e < $5m zo ; 

b) if do G M \ Q, a fundamental system of neighborhoods is given by the sets 

(£>0) 

Vs{ao) = G HI+ , \z- ao\ < e} 

U {a e M \ Q , \a-ao\ <e} 



U 



{{a,e)eQ 





■ TT TT" 




X 


.~2' + 2. 


, |q; — cuo 



c) if q;o e Q a fundamental system of neighborhoods of {ao,7v/2) (resp. 
(cKo, — 7r/2)) is given by (0 < £ < tt) 

Vs(ao, 7r/2) = {z e H"*" , \z — ao\ < e , < arg(2; — ckq) < s} 
[J{a eR\Q , <a-aQ <e} 



U 



X 



TT TT' 

'2 '^2. 



< CK — CKo < ^1 



U{{ao,e) , n/2-e <e <n/2} , 
Ve{ao, —tt/2) = {z E IP~ , 1^ — ttol < ^ , > Sirg{z — ao) > tt — e} 
U{ttGR\Q, 0<ao-a<£} 

, < ao — a < 



U 



X 



TT n 
~2'^2 



U {(ao, e) , -tt/2 <e< -tt/2 + s} ; 

d) If ao G Q, —tt/2 < 9q < 7r/2 a fundamental system of neighborhoods of 
(do, Oo) is given by (0 < £ < tt/2 - |6'o|) 



Ve(ao, 9o) = {z E , \z — ao\ < e do — s < tt/2 — aTg{z — ao) < 9o + s} 



U 



[{ao,e)eQ 



X 



TT TT 

'2'^2 



60 - e < e < 60 + ; 
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e) A fundamental system of neighborhoods of (oo, 7r/2) (resp. (oo, — 7r/2) is given 
by (0 < £ < tt) 

Vs{oo, n/2) = {z e H+ , \z\ > , n > argz > TT - e} 
U{aGM\Q, a< -e~^} 



U 



X 



TT TT 



, a < —e 



U {(oo, e) , 7T/2>d> 7t/2 - e} , 
14(00, -7r/2) = {z eB+ , \z\ > < arg^ < e} 

U{aeR\Q, a> e"^} 



u\{a,e)eQx 



a > s 



U {(00, e) , -7r/2 <e < -7T/2 + e} ; 

f) If — 7r/2 < ^0 < Ti'/S a fundamental system of neighborhoods of (oo,6'o) is 
given by (0 < £ < 7r/2 - |^o|) 

Ve(oo,6'o) = {2; e 11+ , 1^1 > 9o-e < axgz - it/2 < 9q + e} 
□ {(00,6*) , 1^-6*01 < e} . 



5.2.2 One can check that the axioms for a system of neighborhoods are 
verified. The following is the only non trivial property : if C G '^'^ and V is 
a neighborhood of ( then there exists a neighborhood W of ( such that is a 
neighborhood of each point of W. This must be checked directly for each of the 
above listed cases. 

5.2.3 It is clear that the topology of 11+ induces on EI+ the usual topology 
and that H+ is an open dense subset of HI+. 

5.2.4 The space IHI+ is compact and Hausdorff. More precisely there exists a 
homeomorphism of D onto H+ whose restriction to D is a homeomorphism onto 
HI+. One can therefore give to IHI+ the structure of a topological manifold with 
boundary, the boundary is 9EI+ = IHI+ \ HI+ and is homeomorphic to S"*^ . 

5.2.5 The action of PSL(2, Z) on IHI+ by homographies has a continuous 
extension to an action on HI+ : just define 



a b 
c d 

a b 
c d 



a 



{a, 9) = 



aa + b 
ca + d ^ 
aa + b 
ca + d 



Va e E \ 



V6' e 



TT TT 

~2'^2, 



(5.11) 



Let / denote a compact non trivial interval in R and g = (^'^ ^} ^ PGL (2, Z). 
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Lemma 5.4 Assume that —d/c ^ / (so that g • I = I' is also a compact interval 
of Rj. If (p e 0^{C\I) has the following properties : 
(i) (p is real ; 

(a) the harmonic function 3?e (f on HI+ has a continuous extension to IHI+ . 

Then the function Lg(fi G (9^(C \ /') also has these two properties. 

Proof. It is enough to distinguish three cases : 
(a) if CK is real and irrational one has 



^eLg(f{a) = (a — ca) 



a — ca J V c 



-1 / ' d 

SgC 

c 



Note that from the assumption —d/c ^ / follows that (f{-~d/c) and (f'{—d/c) 
are both real. 

(b) If a = oo and 9 G [— f , +f] is arbitrary then Lg(f{oo, 9) = 0. 

(c) Finally, if a is a rational number and 9 e [— f , + f ] is arbitrary one has 

d' 



Lg(p{a, 9) — {a — ca) 



^eifi ( — — -,eg9] - ifi ( -- 
a — ca J \ c 



£gC V' 



c . 

□ 



5.2.6 If / is a non trivial compact interval of R, we denote C]r(C\/) the space 
of holomorphic functions (p G 0^(C \ /) which are real and whose real part on H"'" 
extends to a continuous function on H"'". This is a Banach space with the norm 

\\(p\\^ := sup{| ^eip{z)\ , z G EI+} 

= sup{| ^eip{z)\ , z G H+} (5.12) 

= sup{\ ^e(p{z)\ , zedm+} 

(the equality of all these norms is a trivial consequence of the maximum principle). 
Ck(C\/) is a real closed vector subspace of the Banach space E{I) of holomorphic 
functions in 0^{C\I) with bounded real part with respect to the norm 

IklUc/) = sup \^eip{z)\ (5.13) 

2EC\7 

(generalizing the definition used in Section 4.4 for the particular case / = [0, 1]). 
If^=^^ PGL(2,Z) verifies -d/c ^ /, then, by Lemma 5.4, Lg 

defines an operator of Cr(C \ /) into Cr(C \ gr • /). Prom its definition it is easy to 
see that this operator is bounded. 

Let us assume now that / C (— l,+oo), / = [70,71]. For all m > 1, -^g(m) 
defines a bounded operator of Ck(C \ /) into Cr{C \ [l/(m + 71), l/(m + 7o])- If 
^ G Cm(C\/) then 

m>l 

is holomorphic, real and belongs to 0^(C \ [0, 1/(1 + 70)])- 
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Proposition 5.5 The function Tip belongs to C]r(C \ [0,1/(1 + 70)]) and the 
operator T from Cm(C \ /) into this space is bounded. More precisely, for k > 0, 

'^^ < 3 < 3' < S''^^ one has 

II ^5(m)^||c < C'7(l + A;)2-'=||^||c , 

j<m<j' 

thus the series ^ 3fJe Lg(^)</3 is uniformly convergent in IHI+. 

Proof. As in the proof of Proposition 4.9, by Poisson's formula one has the following 
estimates 

Mz)\<Ci\z\-'Mc, 

\Dip{z)\<Ci\z\-^Mc, (5.14) 
<C7|zr'||^||c, 

provided that dist (2, /) > 1 and G C]r(C \ /). 

Now let /c > 0, and such that 2^ < j < / < 2^^+^. Let also denote 
V'iJ' = Y.j<m<j' ^9im)V- Clearly we have Lfjj' G Cm(C \ 4), where 4 = 
2fe+i-i+.Yi , 2k+^Q ■ By the maximum principle the supremum of | 3?e ipjj' \ on 

is attained at a point of the boundary dM.'^ of the form a G ]R\Q, or (a, a G Q, 
-n/2 <e < 7r/2, such that a G 4. Note that J2 l<^'(-™)l < C'2-^||v7||^- and 

j<m<2i' 

^ |<^(— m)| < C||<^||(5 . If a is irrational and contained in 1^ one has 

j<m<2J' 



( m 



a 



< C{l + k)\\<p\ 



and the same estimate holds if a G Qfl/fe for all d G [— 7r/2, 7r/2]. Since |q;| < C2~^ 
for a E Ik one obtains the desired inequality which also implies all the other 
properties. □ 

Proposition 4.11 leads to the following 

Corollary 5.6 The spectral radius ofT on Cr(C \ [0, 1]) is less or equal to • 
defines a bounded operator on this space. 

Proof. Cr(C \ [0, 1]) is a closed subspace of E{[0, 1]). □ 

5.2.7 One constructs a compactification 11+ fZ of IHI+/Z adding the point 
zoo and glueing (R \ Q)/Z U (Q/Z x [7r/2,7r/2]) in the same way we proceeded 
for W^. One obtains a topological manifold with boundary homeomorphic to 
D. The restriction of this homeomorphism to 1HI+/Z is onto D*. The boundary 

dM+Jz = M+Jz \ (H+/Z U {zoo}) is once again homeomorphic to §^ 

5.2.8 If / is a compact non-trivial interval of M and (p G C-'^(C \ /), we 
defined in (2.5) the 1-periodic holomorphic function (p on H"'" which extends 
continuously to ioo. 
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Proposition 5.7 Assume that (p e Cr{C \ I). Then J^z'P following 
properties : 

(i) 3^e(^^ (/?) is bounded on EI+ and the function which it defines on IHI+/Z has 

a continuous extension to IHI+/Z ; 
(a) One has 

sup 1 3?e( f)\ <C sup 1 3?e (/?| . 

11+ ^ H+ 

We postpone the proof of this Proposition after the statement of the two 
following consequences : 

Corollary 5.8 If (p E C]k(C \ [0, 1]) then J2zM ^ ^ bounded real part which 
extends continuously to HI+/Z and verifies 

sup 1 3fJe ^\ < C sup 1 3fJe <y?| . 

Corollary 5.9 Let (fio{z) = —^Li2 {j); the complex Brjuno function B = 
TliZM '^0 ^ bounded real part which extends continuously to H+/Z. 

Proof of Corollary 5.9. Let (fi be defined as in (5.6). Then Lpi e C]r(C \ [1/2, 2]), 
T(^i_e Cr(C\ [0,2/3]) and Em ^V'l e 4(C \ [0, 1]). Thus (^i + Y.m^'P^ ^ 
Cm(C \ [0, 2]). Applying (5.2) to <^o we get the desired result. □ 

Proof of Proposition 5.7. It is not restrictive to assume / = [0, 1]. 

Let us consider the holomorphic function Fq associated to the hyperfunction 



u{x) = 

One has 



X if0<a;<l/2, 
1-x ifl/2<a;<l. 



Fo{z) = - 

TT 



' , z-1/2 z-1 
zlog \- [1 — z) log 



1/2. 

with the principal branch of the logarithm : if 2; ^ [0)1]; {z — 1/2) /z and 

{z - l)/{z - 1/2) do not belong to [-00, 0]. 

One can easily check that Fq |h± extends continuously to EI='=. At infinity one 
has (with z — z — 1/2) : 

, 2-1/2 /I \, z 
z log — = - + 2 log — 



2 J °z + l/2 

= -i-^ + o(s-), 

(1 \, 5-1/2 
(1 - z) log - — -—- = - - 2 log z 



^-1/2 \2 
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thus 

(this could also be checked directly by observing that u{x)dx = 1/4). 
It is easy to verify that : 

• the real part of Fq is bounded in C \ [0, 1] ; 

• the real part of Yliz -^o is bounded in H. 

Let e Cr(C \ /) ; consider the unique decomposition 

^f = c{^p)FQ + 

where e 0'^(C\ [0,1]) nCR(C\ [0,1]), c{ip) e R. One has \\ip^^ < C\\ip\\^ and 
^ C'||<^||(4 i.e. this decomposition is continuous. 
Thus we are lead to consider only the case ipeO'^(C \ [0, 1]) n Cm(C \ [0, 1]). 
But in this case Xlz V converges uniformly on all domains {| '^ez\ < A) and this 
fact immediately leads to the assertions of the Proposition. □ 

5.2.9 Note that the topology induced by H+7z on M+/Z U (R \ Q)/Z is the 
same as the topology induced by C/Z. Therefore the continuity of ^^'YliZM V'o 
on HI+/Z implies that the real part 3?e °^ complex Brjuno function is 

continuous on H[+/ZU(R\Q)/Z in the usual sense. The value '^zM ¥'o(cto5 ■^/2) 
(resp. (cKo, — 7r/2)), with ckq £ Q/Z, is the right (resp. left) limit of 3?e^^^ ^o{ot), 
as a e (M \ Q)/Z tends to cto 

Recalling Lemma 5.2, one has 

3?e(/Pi(l,7r/2)-3?e(/?i(l,-7r/2) = -tt 

and more precisely 

3?e(^i(l,^) = 3?e(^i(l,0)-^ . 

If CKo e Q, CKo 7^ 1 then 

3fJe ipi (cKo, 0) = 3fJe (fi (cuq, 0) 
for aU e [-7r/2, 7r/2]. Thus by (5.2) one obtains that for aU p/q e Q (p A g = 1) 

J2 Mp/q, e) = ^eJ2 Mp/q, 0) - 9/q (5.15) 

ZM ZM 

Thus the real part "^zM '^o complex Brjuno function has at each rational 

p/q & Q/Z a decreasing jump ofir/q. 
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5.3 Boundary behaviour of the imaginary part of the complex Brjuno function 

5.3.0. Notations. We simply denote by \\(p\\ the norm (5.13) in the Banach 
space E{I). 

We set (po(z) = — ^Li2 (^) as in (5.4) and (pi as in (5.6), thus by (5.2) 

B = J](vPi + J^Tv^i) = 5^ ¥^0 . (5.16) 

Z M ZM 

We have cpi e E{[l/2, 2]), Tipi e E{[0, 2/3]) and T'^cpi e E{[0, 1]) for all k>2. 

In this Section we want to estimate the imaginary part of the 1-periodic 
function B near the real axis. We have 

{|$>mz| < l/2} = Unez(A + n) . (5.17) 

For r > 1, mi, . . . , rrir > 1, we recall the definition of D{mi, . . . , nir) given in 
Section 4.2, namely the set oi zq E D such that the continued fraction is 

= Zi+i + rrii+i , < i < r , 2;^ e -D , -2^ e A . (5.18) 

We also set 

= i?o U i^n = A \ int L> 

/ , (5.19) 

if (mi, . . .,mr) = D{mi, . . .,mr) \ mt [Um^^-,>iD{mi, . . .,mr+i)) . 

Then we have 

{| ^mz\ < 1/2} = Unez U^>o U^,,...,^^>i [if (mi, . . . , m^) + n] U R \ Q , (5.20) 

where the sets in the right-hand term have disjoint interiors. 

5.3.1 A set H{mi, . . . , rur) + n meets R in a unique point, which belongs to 
Q. Conversely, any rational belongs to exactly two such sets : if p/g e Q has 
continued fraction p/q = n + 1/mi + l/m2 + . . . + l/rrir with m^ > 2 when q > 1 
(i.e. r > 0), these two sets are H + n and H{1) + n — 1, if p/q = n and r = 0, 
H{mi, . . . , rrir) + n and H{mi, . . . , m^ — 1, 1) + n if r > 0. The union of these two 
sets will be denoted by V{p/q) ; the boundary of V{p/q) fl 1HI+ is formed by parts 
of the three horocycles, attached to p/q, p' /q' and p" /q" (where \p' /q' iP" /q"] is 
the Farey interval with "center" p/q; when p/q = n E we have p' / q' = n — 1, 
p" /q" — oo), which are deduced from '^mz — 1/2 by the action of SL (2, Z) (see 
Figure 4.). 

5.3.2 We plan to compare, when z e V{p/q), the imaginary part of B{z) to 
the truncated real Brjuno function 

r-l 

Bfiniteip/q) = Y,f3j-i{p/q)\og [A^{p/q-n)Y^ , (5.21) 

where p/q is as above and A is the Gauss map (Al.l). The point is that we want 
the dependence on p/q to be explicit in this comparison (i.e. all the constants c 
are independent of p/q). This will be achieved by the following 
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Theorem 5.10 For A; > 0, mi, ... , > 1, zq E H{mi, . . . , m^) one has 

^mB{zo) = Bfinite{Pk/Qk) + {Pk-1 - Qk-i ^ezo) ^m(pi{zk + 1) + f{zo) 

with 

\f{zo)\ < cq^'^\zk\ log(l + \zk\~^) 
for some positive constant c independent of k, mi, . . . , m^. 

The strategy of the proof of the theorem is to start from the formula 

neZfc>0 

and to consider each term separately, putting most of them in the remainder part, 
and replacing the others by simpler expressions. What makes the proof a little 
lengthy is that while T^'ipi G E{[0,1]) for /c > 1, we have (fi e E{[l/2,2]) and 
T(pi e -E([0, 2/3]), which leads to distinguish several cases (Sections 5.3.3 through 
5.3.7) before giving its complete proof (Section 5.3.9). 

5.3.3 RecaU that T''(pi is real, T^ipi{z) = T^ipi{z), hence '^mT^ipi{z) 
vanishes on M outside of 

[1/2, 2] for /c = , 
[0,2/3] forA;=l, 
[0, 1] for A;> 1 . 

As we have, on the other hand, 

\^\z)\<CK\z\~'^y\\ (5.22) 

for all (f e -E'(/), K C C \ / compact, 2; e we obtain for 2; e A 

I ^'nnpi{z + ?i)| < cn~^| $5m 2 1 II II , ifriT^O, l,2,nGZ, 

I ^mT(pi{z + ?i)| < cn~^| $5m z| ||T(/?i || , ifn 7^ —1, , n G Z , 

I ^mT''ipi{z + n)\ < cn~^\ am2|||T'=^i|| , if A;> 1 , n ^ -1, 0, 1 , n G Z . 

(5.23) 

Since, by Proposition 4.11, we have \\T^(pi\\ < CkG-''\\(fi\\, with G = (^5+ l)/2, 
we obtain 

Lemma 5.11 For 2; G A \ [0, 1], if we write 

'^m B{z) = $5m Lpi (z) + '^m ^pi (z + 1) + Q'm (pi {z + 2) 
+ '^mT(pi{z — 1) + '^mT(pi{z) 

+ [^mT^ifiiz - 1) + ^mT''ipi{z) + ^mT''ipi{z + 1)] +ro{z) , (5.24) 

k>l 

then we have 

|ro(-2)| < C| Sm^ljl^ijl . (5.25) 
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5.3.4 One has 

l^;(^)l<ciog(i + i^-i/2|-i) 

in the neighborhood of 1/2 and 

\ip'^{z)\<C\og{l + \z-2\-^) 
in the neighborhood of 2. Therefore, for 2; e A \ {0} we have 

\'^m^i{z + 2)\ < C\'^m z\log{l + \z\~^) , 
and, for ^ e A \ D{1) 

\Qm(pi{z)\ < C\Qm z\log{l + \z - l/2\-^) . 

Next we have 

Lemma 5.12 For k > 1 and z E A \ {1} we iave 

I QmT''ifii{z - 1)1 < C\ $>m^| log(l + \z - 1|-^)||T'=-Vi|| 



(5.26) 



(5.27) 



Proof. We have 



We distinguish two cases : 

(a) If I '^mz~^\ = \z\~'^ \ '^mz\ > 1, we choose mo > 1 such that 



1 



+ Too 



<C\z\-^\'^mz\ andC-^|^|-' < mo < 



1-1 



One has then 



1 



^ Vi ( - - ™ ) - T^-^ipii-m - mo) 



from which it follows that 



< C 



^mz\\\T''-^ipi\ 
\z\'^{m + mo)^ 



z 



J2 (t'-'^i (; - - T'^-'M-m - too)) 



m>l 

On the other hand 

mo 



<C|9m^|||T'=-Vi|| 



QmzJ2T''~^<Pi{-m)\ < C|9m^|log(l + |z|-^)||T'=-Vi|| , 
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from which the lemma follows in this case, 
(b) If I '^mz~^\ < 1 we choose mo > 1 such that —mo < ^el/z < —mo + 1 thus 



QmT'' ^(fii [ m 



1 



T^-'ifii [--m] - T^-'ifii-m - mo) 



We thus obtain 



< C\ ^>m^||^|-2(m + mo)"^i|T'="Vi|| , 

<C(m + mo)-'||T'=-Vi| 



J2 r''" Vi (- - m\ 



< C\Qmz\\\T''-^(pi 



m>l 



^ Vi ( - - ) - T'^" Vi(-"^ - "^o) 



<C\z\\\T'^-'<p^ 



mo 



E7^'~Vi(-m)| <Clog(l+|^|-i)||T^-Vi| 



□ 



which give the desired result. 

Lemma 5.13 

1. Ifze D{1) \ D{1, 1) we have 

I '^mT(pi{z)\ < C\ Qmz\ log(l + \z - 2/31"^) . 

2. For A; > 1, 2; e A \ {0} we have 

I »mTVi('S + 1)1 <C'| z\log{l + \z\-^)\\T''-^ipi\\ . 

Proof. In the first case, in the domain considered, we have I/2; — leA\D(l) 
hence, by (5.27), 



Q'm (fii I 1 

z 



1 



<C|^Jm2|log(l + |2-2/3|-^) . 



On the other hand we have 



1 



VPi(--l)-(^i(-l) 



<2|bi||, 



and for m > 2 



( - - m ) - ipi{-m} 



<sm (fi\ m 



<Cm-^\\ifi\\ , 

< Cm~^| ^^m^lllvJil 
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from which the first inequahty of the Lemma follows. 
In the second case we use Lemma 5.12 to get 

< C|9mz|log(l + |^|-^)||T'=-Vi|| , 

and deduce the second inequality as above. □ 

5.3.5 For 2; e A, /c > 1, we set (as in Section 4.2) = Sk{z) = if 2; belongs 
to some D{mi, . . . , m^) with = 1, £/- = 1 otherwise. 

Starting from Lemma 5.11, we use (5.26) to deal with ^m(fii{z + 2), (5.27) 
to deal with '^rmpi^z) when £ = 1, Lemma 5.12 to deal with '^mT^ipi{z — 1), 
Lemma 5.13 to deal with i{z + l), and also with Tipi (z) when si = 0, 

£2 = 1- This gives 

Lemma 5.14 For 2 e A \ [0, 1] we iiave 

'^mB{z) = (1 — £1) '^m(^i{z) + ^pi{z + 1) + [1 — £2(1 — £1)] '^mT(pi{z) 
+ '^'^mT''<pi{z) + ro{z) + ri{z) 

k>l 

and 

^ C\ '^mz\ log(l + I S5m2;|~"'")||</?i|| . 



a,„T-v(jl^-i) 



We next recall that, by Proposition 4.1, we have, when z G H, k > 1 

I '^mT''ifi{z)\ < C|;2|log(l + j^p^) sup jT'^" Vi| • (5-28) 



5.3.6 In the following two steps, we obtain for i{z) an approximation 

similar to Proposition 4.4, first for large k (Proposition 5.15), and then for 
small k (Proposition (5.16). Here we assume that A; > 1, mi,...,mfc > 1 and 
zq e D(rni, . . . , nik) and let Z > and (p — T^(fii. 

Proposition 5.15 Fork > 1, mi,...,mfc > 1, 2:0 G £)(mi, . . . , m^), Z > we 
iave 

I $>mT^+Vi(-So) - [QmT^<pi{zk)]{pk-i - Qk-i^ezo)] 
< Cq'i^'^l ^mzk \ log(l + I ^mzk\~^) x 



r ||T^-Viii if I > 1, 

if 1 = 1. 
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Proof. As we did in the proof of Proposition 4.4 we write 

k 



T^ifizo) = {pk-1 - qk-iZo)(p{zk) + ^{pj-i - qj-iZo)T^~^ (f{zj - 1) 

k 

+ H^Pj-^ - qj-iZo)ejT''-Wizj + 1) 



i=i 
k 

+ Y.^P3-2 - qj-2Zo)R^"'^HT^-^^)izj-i) 

= {pk-1 - qk-iZo)(p{zk) + RP{ip){zo) + R^2\v){zo) + Ro\ip){zo) 

(5.29) 

where 



m>l m>l,\m—mj\<l 



(5.30) 



m>l , \ m—mj | >1 

We wiU use repeatedly the following inequalities 

I 'ism{wiW2)\ < \wi\ \ 'ismw2\ + \w2\ \ '^mwi\ , (5.31) 
\pj-i - qj-iZo\ < cqj^ , (5.32) 

I '^m{pj-i - qj-iZQ)\ = qj-i\ S^m^ol < C'^i-i^fe ^| ^'mzk\ ■ (5.33) 
By Proposition 4.1, as Z > 0, for 1 < j < A; we have 

\T^~^ip{zj - 1)1 < Csup ir'^-^+^-Vil , (5.34) 

and, by Lemma 5.12, 

I '^mT^-^^{zj - 1)1 < C\ '~smzj\\og{l + \zj - ir^)||T'=-^+'-Vi|| • (5-35) 
We observe that for j < /c — 1 

log(l + \z^ - l|-i) < Clog(l + \zJ+^\-^) < Clog(l + m,+2) , 
and one also has 

log(l + \zk-i - < Clog(l + \zk\-') < Clog(l + I ^mzk\-') , 
log(l + \zk - ir') < log(l + I ^mzk\-^) . 
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Thus, from (5.31)-(5.35) we get 

I QmR[^\ip){zo)\ < Cq^^l^mzkl log(l + | 9mzfc|-^)||T'-Vi|| • 
Similarly, by Lemma 5.13, we have, for j < /c, Z > 1 or j < /c, / > 1 

I QmT''-^(fi{zj + 1)1 < C\ S^mzjl log(l + \zj\-^)\\T''-^+^-^(fii\\ , (5.36) 
and, by Proposition 4.2, 

\T''-^v{zj + 1)1 < Csup |T'=-J+^-Vi| • (5.37) 

On the other hand, when j = k, I = 1 (i.e. T^~^(f = T(p\) one has 

\'^mTipi{zk + l)\ <C\'^mzk\\\T^i\\ , 
|T(^i(2;/c + l)| <C||T(^i|| , 

(note that as T(pi e £"([0, 2/3]), Zk + 1 is well separated from the boundary). This 
gives 



\^mRl,'\^){zo)\ <Cq^'\^mzk\log{l + \zk\-') X { ! . (5.38) 
Finally one has 

|i?('-^-)(V')(z,_i)|<C||^||, (5.39) 

I {iP){zj-i) \ < C\\ij\\ [\ $5m Zj-i\ log(l + mj) + Zj-i \ zj |] 

< cmji I cjm^j- 1 IIV'II , (5.40) 

giving 

I ^mRl''\if){zo)\ < cq-^\'^mzk\\\T'ifi\\ . (5.41) 
To conclude our proof we only need to observe that 

\ '^m{pk-i - Qk-izo) (fi{zk)\ <Cq'^^\^'mzk\\\T^(pi\\ , (5.42) 

to get the desired result. □ 

5.3.7 For k > 1, mi,...,mfc > 1, -Zo £ -D(mi, . . . , mfc) we now consider 
T^^iizo) (i.e. the case / = left out from Proposition 5.15) : 



(5.43) 
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Proposition 5.16 For A; > 1, mi, ... , rrik > 1, zq e -D(mi, . . . , m^) we have 

I ^mT''(pi{zo) - {pk-i - qk-i^ezo)[{l - Sk+i)Qm(pi{zk) + Sk ^m(pi{zk + 1)]| 
< Cq^'^l ^mzk\log{l + I Zk\~'^)\\^pi\\ . 

Proof. We now write (with e'^ = if < 2, £^ = 1 otherwise) 

T''(pi{zo) = ipk-i - qk-iZo){(pi{zk) + ekVi{zk + 1) + e'k^iizk + 2)) 

k-i 

+ - gj-i^o)7'''"^^i(^i - 1) 

i=i 
fe-1 

+ - qj-iZo)sjT''-^ipiizj + 1) 

fc 

+ E(^^^-2 - q,-2Zo)R^^^\T>^-^^i){zj-,) 

where ^("^i)(T^-Vi) = i?(""^)(^^"Vi) for j < /c but 

^^"^'=H^i)(-Sfc-i) = J2 + Yl M-m) 

m>l m>l , |m-mfc + l|<l 

XI bi(2;fe + mfe -m) -(^i(-m)] . 

m>l , |m— mfc+l|>l 

For the last sum Rq\(Pi) in (5.43), we have as in (5.39)-(5.41) 

\'^mR\^\ip^){zo)\ <Cq^'\'^mzk\yi\\ . (5.44) 

The first sum R^^\ipi) is dealt with as in (5.31)-(5.35) to get 

\^mRPi<fii){zo)\ <Cq^^\^mzk\log{l + \^mzk\-^)\\<fi\\ . (5.45) 

The middle sum R^2\^i) satisfies the same estimate, proved as in (5.36)-(5.38). 
By (5.26) we have 

\'^m[{pk-i-qk-iZo)(pi{zk + 2)]\ < q-^[C\'imZk\log{l + \zk\~^) + l]\\ifii\\ . (5.46) 
Similarly, if z^ ^ -D(l) (i.e. if Sk+i = 1) we have 

I ^m[{pk-i - qk-iZo)(pi{zk)]\ < Cq^^l Qmzk\ log(l + \zk - l/2\-^)\\ipi\\ , (5.47) 
according to (5.27). Finally, for e = 0, 1 

I Qm{pk-i - qk-izo) ^e(fi{zk + e)\ < Cq^^\ '^m Zk\\\ipi\\ , (5.48) 

and from (5.43)-(5.48) we get our result. □ 

5.3.8 Starting from Lemma 5.14, we now make use of Propositions 5.15 and 
5.16 to obtain a simpler approximation for '^mB{z). 
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Proposition 5.17 For k > 0, mi, . . . , ruk > 1, zq & H{mi, . . . , rrtk) we have 

k 

QmB{zQ) = '^'^mipi{zi + - qi-i 'iR:ezo)ei 

1=0 
k-l 

+ ^^m(pi{zi){pi_i - qi_i^ezo){l - ei+i) + r{zo) 

1=0 

with £0 = 1? and 

\r{zo)\ <Cg-^|^fc|log(l + |^fcr^) . 

Proof. First, assume zq G H. Then, from (5.28) and Lemma 5.14 we get 

^mB{z) = {l-ei)^m(pi{zo) + ^m(pi{zo + l) + r{zo) , (5.49) 

with 

|r(^o)| < C\zo\ log(l + l^ol"^) • (5.50) 
As we also have, for zq E H, 

I ^m(fii{zo)\ < C\ ^mzo\ , 

we obtain 

\^mB{z) -^m(fii{zo + l)\ < C|^o| log(l + j^oT^) • (5.51) 
Next consider zq G (mi, . . . , m^) with A; > 1, mi, . . . , m/- > 1. Observe that 

[1 - £2(1 - £i)](l - £2) = 1 - £2 , [1 - £2(1 - £i)]£i = £1 ■ 

In the terms which appear in the right hand term of Lemma 5.14, we use 
Proposition 5.15 to deal with 1(2:0), I > k and Proposition 5.16 to deal 

with $jmTVi(-zo), < Z < /c. We have 

\^^mT^ iPi{zq) - {pk-i - qk-iZo)^^mT^(pi{zk)\ 
l>k l>o (5.52) 

< Cq'^^l Qm Zk\'i.og(l + I Qmzk\~^) , 
but using (5.28) (since Zk G H) we obtain 

I J]SmTVi(^o)| <CQ^'kfc|log(l + |^fcr') . (5.53) 

l>k 

For < Z < A;, we have in Proposition 5.16 and Lemma 5.14 

q^'^l 3^m2;i| log(l + | Qmzi\~^) < Cqiq^'^\ ^mzk\ log(l + | Qmzi\~^) , 

and 

k k 

J2mk'^og{l + I Qmzi\-^) < C^?^g^Mog(l + C9r'9fel ^^-^fcl"') 


< Clog(l + |»m2fer^) . 

□ 
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5.3.9 We can finally complete the proof of Theorem 5.10. 

Let k > 0, mi, . . . , ruk > 1- As we already know, the domain H{mi, . . . , nik) 
meets M in a unique point which is Pk/qk- Let us denote xq — Pk/Qk and consider 
its continued fraction 

= rui+i + Xi+i , <i < k , Xk = 

(of course Xi is the point of intersection of H{mi+i, . . . , m^) with IR). 

Let zq e H{mi, . . . ,mk), Qmzo > 0. We will then have {—lY^mzi > 0, 
<l < k. On the other hand one has, for < Z < A; 

siQmipi{xi + l + {-iyiO) = {-lYeilog- , (5.54) 

and for < / < /c - 1 

(1 - 61+-,) Qm<p-,ixi + (-l)'iO) = (1 - ei+-,)i-iyxi log (5.55) 

xi+i 

since = when 1 — si+i ^ 0. (5.54) and (5.55) imply that 

fc-1 

'^mipi{xi + 1 + {-iyiO){pi-i - qi-iXo)ei 



fc-2 

+ ^$>m^i(a;« + (-l)'iO)(p«_i -9i_ia;o)(l-£/+i) (5.56) 



fc-1 ^ 

= A-i(a;o)log— := Bfinite{Pk/qk) ■ 


When we set this expression in Theorem 5.10, and compare the result with 
expression for '^mB{zo) given by Proposion 5.17, we see that we have to deal 
with the following expressions. For < I < k — 1, and ei = 1 : 

Ai = '^mipi{zi + l){pi-i - qi-i Ke^o) - ^m(pi{xi + 1 + (-l)^iO)(pi_i - qi-iXo) . 

For < Z < A; - 2, and £/+i = : 

= '^m(pi{zi){pi-i - qi-i ^ezo) - ^mipi{xi + {-l)HQ){pi-i - qi-iXo) . 

And when = : 

Ci = '^m(pi{zk + l){pk-i - qk-i^e Zq) - '^m(pi{zk-i){pk-2 - qk-2^e Zq) . 
First of all one has 

l^ezo - xo\ < CqZ'^\zk\ . 
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On the other hand, near 1 one has 

y,{z)\<c\z-i\-K 

For < / < /c (resp. < / < /c — 1) the distances of xi and zi from (resp. 1) are 
comparable. Thus, for < i < /c 

I ^mifi{zi + 1) — '^mipi{xi + 1 + (— l)^iO)| < Cx~[^\zi — xi\ , 

and, for < Z < /c - 1 

I '^rrnpi{zi) - ^mLpi{xi + (-l)'i0)| < C\xi - l\~^\zi - xi\ . 

We have here j^;— x^j < C\zk\qfq^'^ , x~[^ < Cm/-|_i and |a;/ — Ij"-*- < cxj^-^ < cmi+2- 
We thus get, taking (5.54) and (5.55) into account, 

I A; I < C{qi-iq^'^\zk\ log — + x^^\zi - xi\qf^) 

< C\zk\q^'^{qi-i logm/+i + qimi+i) 

< C\zk\q'^^qi+i , 

\Bi\ < C{qi-iq^'^\zk\ log ^— + \xi - l\~^\zi - xi\qf^) 

< C\zk\qk'^iqi-i logmi+2 + qimi+2) 

< C\zk\qk^qi+2 ■ 

We thus have 

k-l k-2 



1=0 1=0 

Finally we note that when ruk = 1, i.e. Ek = 0, one has z^]^-^ = 1 + Zk thus 



TT 1 

Vi{zk-i) = (1 + Zk-i){^ + - log2) - Zk-i(pi{l + Zk) , 



which gives 



+ {Pk-2 - qk-2 "^ezo) '^mzk-i ( + - log2 - Ke(/?i(l + 2;fe) ) . 



C = '^m(fi{zk + l)[{pk-i - qk-i ^ezo) + {pk-2 - qk-2 "^ezo) Ikezk-i)] 

' 7r 1 
^12 ^ ^ 

But we have the following inequalities 

^ + ilog2-g?ev?i(l + ^fc) <C, 
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\{Pk-2 - qk-2 ^ezo) Qmzk-i\ < Cqj^_^ \ ^mzk-i\ 

< Cq'^^l Qmzk\ , 

\{pk-i - Qk-i ^ezo) + {pk-2 - qk-2 zq) Zk-i)\ < qk-2\ "^m zoW^m Zk-i\ 

< Cq^^l ^mzk\ , 

I Qmipi{zk + 1)1 < Clog(l + \zk\-^) , 

hence 

|C| < Cq^^\Qmzk\ log(l + \zk\~'^) , 
and the proof of Theorem 5.10 is complete. □ 
Remark 5.18 We recall that the term involved in Theoorem 5.10 satisfies 

{Pk-i - qk-i 3?e^o) ^mipiizk + 1) = ^g^Mog-j^^ (H-o(l)) , 

as Zk — > 0. 

5.3.10 Here we consider the imaginary part of B near Brjuno numbers. For 
> let 

WH = {wem, Qmw>\ new\^} (5.57) 
and for < /i < 1/2 let 

Wh = {weB., '^mw>ex.p[-\^ew\-'']}. (5.58) 

Then we have 

Theorem 5.19 

1. For any Brjuno number a and any H > we have 

lim '^'mB{w + a) = B{a) . 

ui— >0 , wEWh 

2. Let a be an irrational diophantine number and < h < 1/2 such that 

liminf llgcullzg''"^'*"''" = +oo , 

where \\ \\z denotes the distance from the nearest integer. Then 

lim _ ^m,B{w + a) = B{a) . 



Proof. We begin by stating a useful Lemma (whose proof is an easy adaptation of 
the arguments of 5.3.9 and is left to the reader). 
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Lemma 5.20 Let k > 1, mi, . . . , rrik > 1, Pk/Qk be the point of intersection of 
H{mi, . . . , m/s) with M. For all x e -D(mi, . . . , m^) fl R one has 



\BfiniteiPk/qk) -^Pl-l{x)\og — \ < CxkQf,^ 


where {xi)i>o Is the continued fraction of x. 

Assume now that o: e (0, 1) is irrational with continued fraction 

a = 1/mi + l/m2 + . . . + l/ruk + . . . . 

Let {pk/Qk)k>o denote the sequence of the partial fractions. Let w be a point close 
to and z — a + w. For | '^mz\ < 1/2, z belongs to a domain V{p/q) (defined in 
Section 5.3.1) and we distinguish two cases. 

(I) Here we assume that p/q = Pk/qk is one of the partial fractions of a. One has 
then by Proposition Al.l 

\oi-Pk/qk\ > (2Qfc?fe+i)~^ • 

(Ll) If e Wh one gets 

\z-Pk/qk\ > c~^{qkqk+i)~^ , 

thus 

\zk\~^ < cq^^{qkqk+i)^ , 

and 

1 _ , 

— log|2;fc| <q^. [c+ H log qk+i + {H -2) log qk] , 

Qk 

which is small when a is a Brjuno number and k is large. Lemma 5.20, 
Remark 5.18, and Theorem 5.10 lead to the desired conclusion. 
(1.2) li w E Wh we will have 

\z-Pk/qk\ > exp[-c(q'fc9fc+i)''] , 

thus 

\zk\~^ < cq^"^ exp[c{qkqk+i)^] , 

and 

-logl^fel"^ <cg^+igj-^ , 

qk 

which is small if a satisfies the diophantine condition we have assumed 
and k is large. Once again the conclusion follows from Lemma 5.20, 
Remark 5.18, and Theorem 5.10. 
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(II) Here we assume that p/q is not one of the partial fractions of a. We denote 
{p'i/Qi)o<i<l the partial fractions of p/q and k the largest integer such that 
P'k/^k ~ Pk/Qk- Clearly one has k < L and p'j^/q'j^ — p/q. By a classical result 
([HW], Theorem 184, p. 153) 

\a-p/q\>^. 



For w G Wh one has 

thus 

and 



\z-p/q\ > expf-c^^/ij ^ 

I-^lI""*" < cq~'^ exp[cq^^] , 



-log 1^1,1 ^ < q ^cq^^ , 



which is small since h < 1/2. Taking into account Theorem 5.10, Lemma 5.20, 
and Remark 5.18 we only need to check that BfiniteiPk/Qk) cind Bfiniteip/Q) 
are close. 
Let us introduce 



p = max log - + if . (5.59) 

k^t'CJ-i q^ 



By Lemma 5.20 we have 

\B^n(Pk/Qk) - B^^{p/q)\ < cq'^'^ + cp , 
and we must show that p is small. Let I be such that 



p = q'^Hog^^il-k + lf . (5.60) 

We have ^ 

\p/q-p'i/q'i\ < -ri— ■ 

On the other hand, if to e Wh and z = w -\- a & V{p/q) one has 

\z — p/q\ < cq~^ 

from which it follows that 

\p/q-o.\ < c{\ogq)-^/^ , 
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thus 

\oL--r>ilq\\ < , , 

m+i 



a-p'i/ql\ < + c(log?)-V'^ . (5.61) 



By the choice (5.60) of / we have 
which imphes 



J 



When w approaches zero, q must be large so k must be large too and if p is not 
small one has by (5.59) 

PQi 



since h < 1/2. 

We will also have -A — < irrg;"^, thus by (5.61) 

\a-p'i/q'i\ < ^q'-^ . 

But (once again thanks to [HW], Theorem 184, p. 153) this implies that p'Jq'i is 
one of the partial fractions of a and it must be Pk/qu by definition of k. So one 
has I = k and 

W-Pk/qk\ < ^ — + c(logg;+i)-^/'^ , 

with q'l^^i — qk exp(pgfe). This leads to the conclusion that p is small if a verifies 
the diophantine condition of the second part of the theorem. If a is a Brjuno 
number and w e Wh the condition 

\z — p/q\ < cq~^ 

implies the stronger inequality 

\a — p/q\ < cq~^^^ 

thus 

|« - Pk/qk\ < —r- + cqk+i 

(IkQk+l 

where, once again, q'l^^i = qk ^^p{pqk)- Therefore p must be small in this case too. 
□ 
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Remark 5.21 A careful examination of the previous proof leads to a slightly 
stronger version of the first part of Theorem 5.19 (inspired by the work of Risler, 
[Ri]). 

The set B of Brjuno numbers a has an injective image into 1^{N) as follows : 

a ^ {Pi_i\ogaY^)i>o . 

Let K be a subset of B such that its image is relatively compact in Z^(N). Then 
the convergence 

lim ^mB{w + a) = B{a) 

is uniform w.r.t. a & K. 

We recall that a subset K of l^(N) is relatively compact if and only if 

(i) Vn > 0, 3Cn such that W{ui)i>o G K one has \un\ < C„ ; 

(ii) Ve > 3no such that \/{ui)i>o ^ K one has ^^>„g \ui\ < s. 



Al. Appendix 1 : real continued fractions 

In this appendix we recall some elementary facts on standard real continued 
fractions (we refer to [MMY], and references therein, for more general continued 
fractions) . 

We will consider the iteration of the Gauss map 



A : (0, 1) ^ [0, 1] , 



{Al.l) 



defined by 



Let 



A{x) 



X 



1 

X 



{A1.2) 



2 ' ^ 2 

To each a: e R \ Q we associate a continued fraction expansion by iterating A as 
follows. Let 

xq — X — [x] J ao — [x] , {Al.3) 
then X = ao + xq. We now define inductively for all n > 

1 



Xn+l = A{Xn) , an+1 



> 1 



(AlA) 



thus 



an+1 + Xn+l 



{Al.f>) 
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Therefore we have 

1 1 , , , 

X = ao + xo = ao H = . . . = ao H 1 , {A1.6) 

ai+xi 1 

oi H 

a2 + ■ • • + 



and we will write 

X = [ao,ai, . . . ,an, . . .] ■ (^1-7) 
The nth-convergent is defined by 

— = [ao,ai, . . . , ttn] = ao H ^-^j . {Al.8) 



ai + 



1 

a2 + • • + — 

ar,. 



The numerators Pn and denominators are recursively determined by 

p_i = = 1 , p_2 = = , (^1.9) 

and for all n > 

Pn = anPn-l + Pn-2 , Qn = a„q„-i + qn-2 ■ (^1.10) 

Moreover 

X = , (Al.ll) 

Q.n ~r Qn—l-^n 

Xn = , (A1.12) 

Qn-lX -Pn-1 

qnPn-1 - PnQn-l = {-'^T ■ (Al.13) 

Let 

Pn^K^o^i-i-^TilnX-Pn) forn > 0, and = 1 . (Al.14) 

From the definitions given one easily proves by induction the following proposition 
(see [MMY]) 

Proposition Al.l For aii a; e M \ Q and for all n > 1 one has 



(ii) Pn < 9" and q„ > ic"-^ 



Note that from (ii) it follows that YlT=o ^^f^ Sfc^o ^ always convergent 
and their sum is uniformly bounded. 

With the notations of Section 2.1, equation (Al.5) can be written Xn = 
g{an+i)xn+i, thus we have xq = g{ai)g{a2) ■ ■ ■ g{an)xn- The following charac- 
terization of the monoid A4 defined in Section 2.1 is therefore relevant. 
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Proposition A1.2 Let g{m) = m)' '^here m > 1. A4 is the free monoid, 

with unit, generated by the elements g{m), m > 1 : each element g of M. can be 
written as 

g = g{mi) ■ ■ ■ g{mr) , r > , > 1 
and this decomposition is unique. 

Proof. Let M.* he the monoid with unit generated by the g{m),m > 1. Ifm>l 
one has g{m) e M and Mg{m) C M, thus M* C M. 

Conversely let (7 G A^, (7 7^ id. We now prove that there exists a unique 

integer m > 1 such that rf' ^ ~ ~ ^ 7 which leads to the 

conditions b' = a , d! = c , a' — b — ma , d — d — mc . We consider separately 
three cases. 

1) a = 0, thus b = c = 1 and g = g{d) where d>l. If there were m > 1 such 
that g' — g{g{m))~^ e M, and g' 7^ id, one should have b' = 0, thus a' = 
and a'd' — b'c' = which is impossible. 

2) a = 1, thus b,c > 1 and d = 6c ± 1. We therefore have b' = 1 and a' = 
or a' — 1. If a' = then b — m and c' — d — be, which is admissible if 
and only ii d = bc+ 1. If a' = 1 then b = m + 1 from which it follows that 
c' = d — mc = 6c± 1 — mc = c± 1, which is admissible if and only if d = 6c — 1, 
and then 6, c > 2. 

3) a > 1. Since a' A 6' = 1 the relation < a' = 6 — ma < b' = a, determines 
uniquely m > 1 and one has < a' < 6'. But one also has b' = a < c = d' 
and I a'd' — 6'c'| = 1, from which one easily gets d' > d > a' . □ 



A2. Appendix 2 : Hyperfunctions 

A2.1 We follow here [H], Chapter 9. Let be a non empty compact subset of M. 
A hyperfunction with support in is a linear functional u on the space 0{K) of 
functions analytic in a neighborhood of K such that for all neighborhood ^ of 
there is a constant Cy > such that 



u{(p)\ <Cv sup \cp\ , ycpeO{V). 

V 



We denote by A'{K) the space of hyperfunctions with support in K. It is a 
Frechet space : a seminorm is associated to each neighborhood V of K. One has 
the following proposition. 
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Proposition Al.l The spaces A'{K) and {C\K) are canonically isomorphic. 
To each u e A'{K) corresponds & 0^{C\K) given by 

Lp{z) = u{cz) , \/z & C \ K , 

where c^(,x) = ^^h^- Conversely to each cp e 0^{C\ K) corresponds the 
hyperfunction 

■"(V') = 77" / ^{z)ip{z)dz , Vip e A 

where 7 is any piecewise path winding around K in the positive direction. We 
will also use the notation u{x) = ^[ip{x + iO) — (p{x — iO)] for short. 

A2.2 Let = M/Z C C/Z. A hyperfunction on T is a linear funtional U on the 
space 0{T^) of functions analytic in a complex neighborhood of such that for 
all neighborhood y of T there exists Cy > such that 

\U{^)\<Cvsup\^\ , y^eO(V). 

V 

We will denote A'{T^). the Frechet space of hyperfunctions with support in T. For 
t/ G A'(T), let U{n) := U{e-n) with Sniz) = e^^^^^^ The doubly infinite sequence 
(C/(n))n6Z satisfies 

\U{n) \ < Cee^-I'^l^ . 

for all £ > and for all n & Z with a suitably chosen Cg > 0. Conversely any such 
sequence is the Fourier expansion of a unique hyperfunction with support in T. 

Let O-E denote the complex vector space of holomorphic functions $ : C\M — > 
C, 1-periodic, bounded at ±zoo and such that $(±zoo) := limg.^ ^^-i-oo ^i^) exist 
and verify $(+ioo) = — $(— ioo). 

Proposition A2.2 The spaces A'{T^) and Oy, 9,re canonically isomorphic. To 
each U e A'{T^) corresponds $ e O-e given by 

^z) = UiC,),yzeC\K, 

where Cz{x) — cotg7r(a; — z). Conversely to each $ e O-^ corresponds the 
hyperfunction 

U{^) = 1- f ^{z)-^{z)dz , V* e A{T^) 
2 Jr 

where F is any piecewise path winding around a closed interval / C R of length 
1 in the positive direction. We will also use the notation 

U{x) = + iO) - ^{x - iO)] 

for short. 
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59 



^'([0,1]) 



the horizontal lines are the above mentioned isomorphisms, Ylz defined in 2.2.2. 

A3. Appendix 3 : Some properties of the dilogarithm 

A3.1 The classical dilogarithmic series (see [Le], [O] for more information) is 
defined by 

n=l 

and it is convergent for \z\ < 1. Since — log(l — z) = En:^ ~' dividing by z and 
integrating one obtains the analytic continuation of the dilogarithm to C\ [1, +oo) 
by means of the integral formula 



1-cy t 

which we will use as a definition of the dilogarithm. Note that [1, +oo) is a branch 
cut. 

Since ^ 



-dt 



one obviously has that 



which shows that Li2 [j) is the Cauchy-Hilbert transform of the real function 
Note also that 



ImLia {t ± iO) = ±tt log t , ( A3.5) 
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where t e [l,+oo). Moreover 

|Li2(^)| = C(log^ 1^1) as|^| ^ +00 . (A3.6) 

A3. 2 Euler's functional equations 

U,iz) + Li, = -^(log(-z))^ - ^ , (^3.7) 
Lis (z) + Li2 (1 - 2;) = - log 2; log(l - + — , (^3.8) 

where z varies in C \ [0, +00] and C \ ((—00, 0] U [1, +00)) respectively. 
A3. 3 Special values 

Li2(l) = y , Li2(-1) = -^, 

2 2 
2Li2(l/2) = y - (log 2)2 , Li2(2 ±iO) = ^ ±7rilog2 . 

A4. Appendix 4 : Even Brjuno functions 

In [MMY] wc also considered an even version of the Brjuno function and we proved 
that this differs from the one considered here by a 1/2-Holder continuous function. 
In this appendix we explicit the relation among the two associated complex Brjuno 
functons. 

A4.1 Let a denote the matrix ^ j ^ which corresponds to x ^ 1 — x. 

At the real level, replacing periodic even functions with functions on [0, 1/2] 
and null outside this interval, the operator T^^y^^ 

acting on [0,1/2]) (for 

example) can be written explicitely as 

Tevenf{x) = ^ X f (- - m\ + ^ X f (m - - \ . 
m>2 ^ m>3 ^ 

At the complex level (i.e. after the identification of ^'([0,1/2]) to 0^{C \ 
[0, 1/2])) one gets 

m>2 m>2 

where g'{m) = (^^i ^ + 1 ) = 9i'm)o- . 
A4.2 We want to consider 

(1-Te,en)-' : (C \ [0, 1/2] ) ^ (C \ [0, 1/2] ) 
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and then one will have to make the resulting function even and periodic, thus one 
will take 

^(1 + L,)(l - Te,en)-' :0\C\ [0, 1/2]) ^ C»e.en(H/Z) . 

z 

Note that Z U Za = Z UaZ. 

When we expand (1 + La-){1 — Teven)~^ we obtain a sum J^^g where the 
matrices g have the form 

g = £og{ii)eig{i2) ■ ■■g{ir)er 
with r > 0, ifc > 2 and Ek G {1, a}. 

Note that (Tg{i) = g{l)g{i — 1) for all i > 2, thus all matrices of the form 
£ofi'(^i)£i • • •fi'(v) belong to the monoid M.. 
A4.3 Let r > 0, 

_ M^'^ = {g{n)...g{jr),jk>l} 

and let A^^^^ denote the part of M^'^'* made of matrices which can be written as a 
product eog{ii)ei . . .g{is)- We have the following 

Lemma A4.1 Each matrix g e M^"^^ can he uniquely written as a product 
eog{ii)ei . . .g{is)- Moreover one has M^^^ = M^^^ = {1} and for all r > 

= Xl(^-i)^(l) . 

Proof. Uniqueness is evident (just consider the first place at which the product 
^ogi'i'i)^! ■ ■ - giis) differs from SQg{i[)e'i . . . g{i'g,)). The second assertion follows 
easily from the remark that is indeed made of matrices g = g{ji) ■ ■ -gijr) 

which end with an even number of 5r(l)'s. □ 

Let M. = Ur>oM.^'^^ and J2Xi ~ ^g^M "^f " clearly has 

(l+L,)o(l-Te„en)"' = J] ) O (1 + L,) 

M 

and by the previous Lemma 



E=Ei» = E E i» = E( E E i» 

M geM r>OgeM('-) r>0 ^ g^M(r) g&M'-'-IXMi^) 



E E i» + E E £, = (e)°(i+w- 



'•^yig^Mi-) '^^-^seAK— 1)5(1) 

We are therefore led to conclude that 



l+L,)o(l-Te„en)"'= ( ) o (1 + L^^^)) o (1 + L,) 



M 

A4.4 It is not hard to check, as we did for the monoid M. in Proposition Al.2, 
that a matrix g belongs to the monoid M. if and only if (i > 26 > 0, c > 2a > 0, 
d > Gc, where G = • Moreover the decomposition g = eog{ii)ei . . .g{ir) is 
unique. 
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A5. Appendix 5 : The real Brjuno function as a cocycle 

In this Appendix we show how to interpret the real Brjuno function as a cocycle 
under the action of PGL(2, Z) on IR \ Q. To this purpose we first recall some basic 
definitions taken from the cohomology of groups. We refer to [Ja] and [Se] for 
more information and the proofs. 

A5.1 Group cohomology 

Let G be a group and M an abelian group with a left G-action, i.e. a structure 
of a left Z'^-module. Recall that for n > 0, one defines 

(i) the abelian group of n-cochains C"(G, M), whose elements are applications 
from G" to M. 

(ii) the coboundary operator : G^(G, M) ^ G"+^(G, M) : 

n-l 

{d''f){9o, ■■■,9n) ^ gofigi, ■■■,9n) + "^{-ly^^figo, QiQi+l, ■■■,9n) 

i=0 

+ i-ir+'figo,...,gn-i); 

(iii) the abelian subgroups of n~cocycles Z^(G,M) = Ker and of n-coboun- 
daries, S"(G, M) = Im d"-^ 

(iv) the n-th cohomology group i?" = Z"(G, M)/B''{G, M). 

Identifying C°(G,M) with M, one has H^{G,M) = Z^{G,M) = {m e 
M ; gm = m for all g G G} with M. An application c : G ^ M is a 1- 
cocycle iff c{gogi) = goc{gi) + c{go) , and a 1-coboundary iff c{g) = g • m — 
m for some m and all g E G. 

A5.2 Automorphic factors, cocycles and coboundaries. 

Let G be a group acting on the left on a set X. Let A be an abelian ring, A* the 
multiplicative group of invertible elements of A, and M a ^-module. A function 
X : G X X — > A is an automorphic factor if the application G x M-^ — ^ M-^ 
given by 

(g,^) I — ^9-^ ■ 9- ^{x) = x{9~^ , x)(p{g-'^ ■x)\ixeX , 

defines a left action of G on : one must have 

X{9m^x) = x{9o^9-i.x)x{9i,x) . 

One has therefore given to the structure of a Z^*-'] -module. The coboundary 
of an element ip G is given by dP(fi{g) = g ■ ip — ip , i.e. 

(fip{g){x) = x{9~^ 1 x)(p{g~^ ■ x) - (p{x) Mx e X . 

A 1-cocycle is an application c : G — > verifying go ■ c{gi) — c{gogi) + c{go) — , 
i.e., letting c{g) = c(y-^) : 

c{9o9i) = c{gi^gQ^) = c{gi^) + g^^c{gQ^) = c{gi) + g^^c{go) , 
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or, equivalently, c{gogi, x) = x{gi,x)c{go, gi ■ x) + c{gi, x)yxeX . 

A5.3 Action of PGL(2, Z) on M \ Q. 

Let us consider G = PGL(2, Z) and X = M \ Q, the action being given by 
the homographies. The transformations T{x) = x + 1 and S{x) = x~^ generate 
PGL(2,Z). One has the following more precise result : 

Proposition A5.1 Let g G PGL(2, Z) and let G M \ Q. There exist r > and 
elements gi, . . . ,gr e {S, T, T~^} such that 

0') 9 = 9r---9i; 

(a) let Xi = giXi-i for 1 < i < r, then Xi-i > if gi = S . 

Moreover one can require that gigi-i ^ 1 for < i < r, and in this case r,gi, . . . ,gr 
are uniquely determined. 

Proof. 

First we prove the existence. Let U (x) = —x. We consider five cases : 

1. a g = T^^, any xq, one takes r = 1, gi = T"^^. 

2. if g — U and xq G (0, 1) then r = 6 and gi = xi = Xq^ ; g2 = T~^, 
XI = ; gs ^ S, X3 = jz^ ; g4 = X4 = ; g5 = S, X5 = 1 - xq ; 

96 = T ^, Xq = —Xq. 

3. if g — U and xq G (n, n + 1), n G Z, one is led to consider the previous case 
by using U = T'^'UT-''. 

4. if ^ = 5 it is immediate if xq > 0, and if xq < one is led to consider case 3. 
by using the relation S = USU. 

5. One has the cases g = S and g = T^^ for all xq. Since 5' and T generate 
PGL(2, Z) this implies the existence in all possible cases. 

We can now prove uniqueness. It is sufficient to show that if r > and 
gi,...,gre{S,T, T'^}, a;o G R \ Q verify 

gr...gi = l, and Xi^i > if g^ = S {1 < i < r) , 

then there exists 1 < i < r such that gigi-i — 1. We prove this by contradiction : 
let r be minimal, r > 0. 

If a;o < one must have r > 2, gi = T and gr = T~^, thus r > 3 and 
gr-i ...^2 = 1, which contradicts the minimality of r. 

One is led to assume xq > 0. Clearly one must have Xi > for all i G [0, r]. 
Let ii < i2 < ■ ■ ■ < ik denote the indices i such that gi — S. The integer 
A; > 0, even (because of the determinant sign) and one has ii+i . . .ii > 2 
for 1 < I < k. Let us assume that a^i^-i > 1. Then Xi^ G (0,1) thus 
Xi^-i = Xi^ + (^2 — ii — 1) > 1. Therefore Xi^-i > 1 for all 1 < / < k. But 
then Yli dt^* ^ (xi-i) < 1, in contradiction with the assumption gr . . . gi = 1. If 
there exists / such that < 1 one permutes circularly all gi and Xi (modr) 

until one is back to the case previously considered. Finally if x^j-i < 1 for all 
1 < I < k then Yli df^' {xi-i) > 1, which is again in contradiction with the 
assumption g^ . . . gi = 1. □ 
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Corollary A5.2 Let A be an abelian ring, and the maps T and S such that 
t : R\Q ^ A*, s : (0, 1) n (M \ Q) ^ A*. There exists a unique automorphic 
factor X such that 

X{T, x) = t{x) for allx eR\Q = X , 
X{S, x) = s{x) for allx e X n (0, 1) . 

Proof. Let s{x) = {s{x~^))~^ for all a; G X fl (l,+oo). The map s is therefore 
defined on X n (0, +oo) and one must have 

x{S,x) = s{x) for allx & X,x > . 

a) The uniqueness of x follows from the existence in the previous proposition : if 
g e PGL(2, Z) and xq & X one must have 

r 

Xig, xo) = Yl X{9i,xi-i) (1) 

where gi,. ..^g^ and defined in the proposition and 

xiT^x) = t{x) for allx G X 
x(T-\x) = {t{x-l))-^ for allx G X 
X(S', x) — s{x) for allx G X, X > 0. 

b) The existence of x follows from the uniqueness in the previous proposition : 
here we use (1) with r minimal (i.e. gigi-i 1 for all 1 < z < r) to define x ^^id 
one must check that 

Xia'a^xo) =x{9',9Xo)x{9,xo) ■ 
Let Ho = Xj. = gxQ , g' = g'g . . . g'l , following the previous proposition, and let 

// _ / // _ f 9i if 1 < i < r _ 
9 -99 , 9i - y ^/_^ if r<z<r + s ~ ^^"^ 

Then g" = g"_^_g ... (7" satisfies the conclusions of the proposition. The decompo- 
sition may be not minimal (since one may have g^g^. — 1) but one can obtain a 
minimal decomposition by deleting g^g^ if g'lgr — 1 then (if g[gj. — 1) by deleting 
g2gr-i if g29r-i = 1 and so on. Given the definition (1) of x the automorphic 
property is now verified if 

X{9,9~^x)x{9~^,x) = 1 
when g = T, or S and x > if = -S, which is immediate to check. □ 
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Corollary A5.3 Let A be an abelian ring, x automorphic factor, M a A- 
module, M-^ with the structure of Z^'^^ -module defined by x- Let 

cs :Xn(0, 1) 

denote two maps. There exists a unique cocycle c : G x M ^ M such that 

c{T;x) = Ct{x) for allx G X 

c{S; x) = cs{x) for allx G X n (0, 1) . 

Proof. One must have 

c{T-^;x) = -x{T~^,x)ct{x - 1) for all x e X 

and 

c{S;x) = — x(5', x)cs{x~^) for all x G X , a; > 1 . 
Moreover, if g — . . . gi and xq are given as in the proposition 

r 

c{9;xo) ^^{c{gi,Xi-i)x{gi-i...gi,xo)) (1') 

from which the uniqueness follows. The proof of existence is the same as the one 
given for Corollary A5.2. □ 

A5.4 The real Brjuno function as a cocycle. 

Let A = M, t{x) — 1 and s{x) — sx^ with e G {—1,+!}, G M and apply 
CoroUary A5.2. Then 

X(T", a;) = 1 , for aUn G Z , a; G X 
X('S', x) = ex" , for aUa; G X , a; > . 

If xo G (0, 1), one has seen that U = T'^STST'^S, thus 



From U = T'^UT'^ it follows that x{U,x) = e for aU x e X, and from S = USU 
follows that x{S,x) = ee\x\'^e for a; < 0, or x('S', a;) = e\x\'^ for all a; G X. One 
concludes that one must have 



(\cx + d\'' ife = +l 

\det(^)|ca; + d|^ if£ = -l 
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for allg= (^^^ e PGL(2,Z). 

Consider now the functional equations 

Bf{x)=xBf{l/x)+f{x) , xG(0,l)nM\Q 
Bf{x) = Bf{x + 1) , xeR\Q, 

where / : (0, 1) n R \ Q ^ C is given. Now we look for : R \ Q ^ C, and we 
easily see that the relevant automorphic factor is the case e = +l, z/ = +l above 
(other values of u have also been considered in [MMY]). By Corollary A5.3, there 
exists exactly one 1-cocycle Cf such that 

Cf{T,x)=0 Va;eR\Q 
Cf{S,x)=f{x) Va;eR\Qn(0,l) . 

The 1-cocycle is a 1-coboundary if and only if the functional equations have a 
solution Bf, in which case we have c/ = —dP{Bf). These considerations also apply 
and may become fruitful in case we restrict C'^^"^ to one of its Ct'^^-submodules, 
for instance measurable functions. 
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Figure Captions 

Figure 1. The argument of the function U close to the unit circle : plot of 
argt/(0.999e**) for -tt < x < tt. 

Figure 2. The various domains Di used for the definition of the complex continued 
fraction. 

Figure 3. Result of the action of ^ : 2; i— > I/2; on the domains of Figure 2. 

Figure 4. The partition of the strip < ^mz < 1/2 by the sets D{mi, . . . ,mr) 
and H{mi, . . . , rrir). 
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